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PREFACE ^ 



.Each fall a. large number of pa'rentV'ijiscover that some- 
thing has happened to the mathematics courses their cTiildren 
are studying in school: Homework assignments contain new words 
r ^ and ideas, and" parents often find that they can no longer Help 
- their children do their arithmetic protlem^. 

^ I 

Such a situation naturally raises a hbst of question©** in 

the„mlnds of parents. Most of these have already been "aaswere^ 

in piilnt (iee "The Revolution in School Mathematics," National 

Council of Te^cl^rs of-Mathematics, 1201 - l6th Street, N. W., 

Washington 6,' D. C., ), but there are some which defy, brief expla-- 

ii 

' /nation. Two of ttiem are: "What are' some o.f the new ideas, and. 
^ what good are they?" and "What's different about tl;ie new way of 
^doljig mathematics?" The purpose* of t'his booklet is to provide - 
' pa'rents With some answers to these questions, 

" The only way to see vhat is different about the new way 5f 
doing mathematics is to study some mathematics presented in a , 
new way. The only way to understand what one of the new topics 
reay.y#is is to study it, This-booklet is therefore a , miniature 
"textbook for parents and should be used as Such, 

The two chapters which /ollow have Been extracted from a 
seventh 'grade text prepared by the^ School Mathematics Study 
Group, The first is devoted to a topic whichyis contained in 
• many of the new mathematics ^programs but, whL^ was rtot, until 
recently, a normal part of .the curriculum, •^The second 'chapter ' 
is an Illustration of a new way of treating an old topic, the 
arithmetic of whole numbef's. ... 

- Interspersed throughout these chapters are some remarks, 
which. .are Indicated, as here^ by a heavy ^dark 'line In the margin. 
These remarks, originally addressed, to the teacher, are concerned 
with both the why and the how- of the student material. 
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♦ThB nature of' mathematics is such that 'one leai*nB very 
little by a casual reading • of -the p^ges. It is necessary to 
study the te'xt carefully, -read slowly, perhaps take note6, ajid. 
above all to work the problems. (Answers are at the -end of the 
booklet.) Hundreds of thousands of seventh ^graders have al- 
roady studied this material with profit and pleasure. We hope 
you will enjoy it also. 
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" Chapter 1 . - ^ . ^ " - 

- , NUMERATION " ' 

^Ppr this ujAit little background is needfed except familiarity 
.with the number 'Symbols and^ the basic, operations -with numbers^ 
The purpose of the unit is^ to ^^eep^n the'' pupil ' understanding oC 
th^ *dec3-mai notation for whole numDers^ especially' with regard to 
place value, and thus to help him delve k little deeper: into the - 
reaso/fis for the procedures, which he already knows, for carrying 
but tfie addition and multiplication operations. One of^ the best 
ways to^ accomplish t?^Fiis is to consider systems <?f number 
notations us4ng bases other, than ten. Since, in .usipg a new ba||e, 
the pupil must nece ssarily l o ok ^at th e ^p o aoons for "carrying" and 
the other mechanical procedures in*a nefj.^light , ' he should gain ^ 
deeper insight into the^ decimal sy^^tem. A certain amount of 
computationr in- other systems ,1s necessary to "fi;?;" these ideas,* 
but such computation should not b'^, regar^ded as end 'in itself. 

♦ ' 

The decimal system is used in 'most of the world' today bedauce 

it IS a better 'system than any other n^ber syitem we^ know of, 
TherefoVe, it is important that' you unde'rstand' the system a,nd knoW 
now to read and write numerals in tr^f^ 'System/ ^ ' 

Long ago 'man learned that Ife- was ^asier^^Q count large v 
numbers of objects by grouping* the objects. We use the same-i^ea^ 
'foday when we use a dime to represent ''a grcJup pf ten pennies,. and 
a dollar to represent a group of ten (y.mes. Because we have ten 
fingers it is natyr^ for us 'to couot by tens.* We use ten, 
symbols 'for our numerals. Thes^ symbols, wl^ch are c^lJLed digits , 
are 1, 2, 3, 4, 5, 6, 7, 8, 9, and 0. The word digit /efers to_ 
9ur fingers and to. these teti number symCols. With thftse ten 
symbols we can write a number as* large or a^ small as We Wish,* 



The decimal eyste* uses tne idea of plac.e value t^ represent 

^--^ t , 

the size of a group. The size of the group represented ^^by" 
symtol depends upon the position of the ^rmbol cA* digit J.n 'a 
numeral. The symbol tells us how many of that, group we have*. In 
the numeral .123, the "l" represents one group of bne hundred; the 
"2" represents two groups of ten,, or. twenty; .and'\he "S"''^ 
represents three ones,, or tl^ree'. * ' 



/ Since we groiip by tens in 'the decimal ^system, we say its' ^ * 

* base iS'ten. Because of this", each successive , (or next) place to' • 
the lefi represents a gr^c?up ten 'times that of ^ the -preceding plac^. 
The first pl&ce tells ua how' many groUgs of one. The second V 
place tells us. how many groups of ten, or t,en times one- (10 x l). 
The third place tells us how many groups of ten times 1|eri^ ^ 
(10 X 10), or oh^ hundred, "the next, t'en times ten times ten 

(10 X 10 X 10), or one tnousand; and so on. By ifsing a* base and 
the idea'fe of place value, it is pos-sible to write apy number in 
the decimal system Using only- the^ten' basic symbols. There- is no 
limit to the size of numoers wuicn can be represented by the 

decimal sysjtem. * ,\ 

' , * * * 

;* To understand, the' meaning of the number represented by a 

i ' numeral 'suc^r. as 123 we add thV^ numbers represented by each symbol. 

- Thus 1^3 means (1 x lbq*)\+ (2 x 10) +-(3 x l), or 100 + 20 + 3. 

'The same number is r>epresented lOO^V 20 + 3 and by 1*23. When 

•we write a numeral such as 1^3 we are< using number ^symbols, the 

idea of place value, and baee ten. _ ^ » , 

One advantage of our decimal system is tnat It has a symbol 
' for zero. Ze^o is used tox fill places which wo-ald otherwj^e^be 
jpmpty and* mignt lead to misunderstanding. * in writing the numeral 
for tnree hundred seven, we" write' 307.*/ Without a symool'.fp'r zero 
' we 'might 'find it necessary^ to write 3rl. • Tne meaning of 3-7 or 
3 7 might be confused.' The. origifi of ttie idea of zero is un- 
certain, but' t^he Hindus were, using. a symbol for zero about ' 
500'A.D., or'possibly earlier. • ^ . ' 

The clever use of'place yalue and^ the s^bol for zero makes 
• -the decimal system one of the most efficient systems in the 
world. Pierre Simon ^place (l/'-9 - 182/), a famous' French . 

* mathematician, Called t/:e decimal^ system one of the world's most 
usef^l inventions. ^ 

1^. \ Expanded Numerals, and Exponential Notation . 

E^onents are introduced kere in a situation' which shojf^s 
clea,3^1^Vheir usefulness for concise notation. Furthemjore., * t^^^ir 
use serT^-es to emphasize tne role of ti;e base and of position. 
This role will ue more fuliy utilized in the sections to follow. ^ ^ 
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We say that 'the decimal system of v^riting' numerals ^las a 
base ten. Starting at the -units place, each place to .the left 
has a value ten times as large as the place to its right. Thq^ * 
first six places from the right to the left are shown below: i 

hundred thousand ten thousand thousand hundred ten one 
(lOxlOxlOxlOxlo)' . .(I0>^10>d^0xl0) (10x10x10) (lOxlO) -(lO) (l) 

Ofien we write these valuejt more ^b^ief ly , *by -tising 'a small 
numeral t;o the right artd above the 10. This 'numeral shows now 
many 10*s^Slre multipiied together. NumbeTqr that are multiplied 
together are called factors . In this-way, the values of the 
places are 'written and read as follows: ' ^ 

KlO X lO'x 10 X 10 x,10) 
(10 X lO-x 10 x*10), 
(10*^ 10 X lo) 
(10 tx 10) 
\ ' (10) 
/ ^' " (1)^ 

* * < 

In an expression as 10 , the number 10 is. called the base and -the 
numblr ^ is called the exponent . Jhe exponent tells how many 

'times the base is taken as a* factor, in a ^ro'duct. 1.0^ indicates 

2 

(10 X "10) or 100. A number such as 10 is called a power of ten, 
and in this case it is the second power' of ten.. The exponent is 
sometimes Omitted for tne first power of ten; j^e usually write 
10, ^iVis^tead of 10"^. All other exponents are always wri^ter^. ^ 
Another way to write (h x 4 x ^) is ^ where is the base, and 
3 is the exponent . 

How can we wi^ite the meaning'of "352" with exponents? 

352 =^ (3 X 10 X 10) (5 x 10) + (2 x l) ' — ' 

= (3 X 10^)'+- (5 X 10^) + (2 X 1)'. 

This is called ..expanded notation . Writing numerals in expanded 
notation helps explain the meaning of the whole numeral. 

• \ - ■• ■ 

[sec. 1-2] . 



1-3; Numerals in Base Seven/ 



' The purpose of .teaching systfms^f numeration in*bases other 
than ten is not to produce* facility in caldulatina with such 
systems/ study of an unfamiliar system aids iir understanding 
a familiar one, just as* the study of a foreigh language- ai^s us 
in understanding our own. The decimal systejn is so familiar that 
its ^ructi^re and toe ideas involved, irt its algorithms are easily 
overlooked. In this section attention is focused on numerals, 
ralfier than on number^. 

You have known 'and used^dec'imal numerals for a'' long time-, 
•*and you may think ycfu understand all about them'. Some of their 
characteristics, however, may have escaped , your notice simply 
be<;au3e th^^umerals are^familiar to you. In this' section you 
will study /^a system' of notation with a different base. . Thi^ will 
^ increatse your understanding 'oT decimal numera^^. 

Suppose we found peSple living on Mars with seven fingers. 
Ihstead of counting -by tens, a Martiatn might count -by Sevens. 
Let us see l^ow to write ^numeral^s in' base seven notation. This 
time*'we plan to work with groups of seven. Lopk at* the x'*s below 
and notice ^ow tney are grouped'^in sevens with some x» s .left "over . 




X X 
X X 
X 



Figure l-3a 



J. 



/"X jC jC_X^iX \ 

V X ITT 
Cx X X X X X x") 
/-k X ic x\ 
V X X X y 

Figure 1^3 b^ 



In Figi^e l-3a, we\see one^ group of seven ^d five more. 

The 'numeral iB written 15 ^ ^ . In, this numeral, the 1 shows that 

seven • < ' 



there is one grjoup of seve 
ones. 



and the 5 means that there are ^ 



ive 



^ In t'igure l-3b, Uow many groups of seven are there? How 
majiy x's are left outride the grdups of seven? Th6 numeral 



representing this number of x's is 3^ 



seven 



The 3 nlmq^n for 



three groups of seven, and the represents^ four single x's or'- 
four ones. The "lowered" seven merely shows that we^ are working 
In base'. seven. 
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^en we gyroup in sevens the number of individual objects 
Jeft can only be zero/ -one, two, three, four, five, or six. 
' Symbols are needed to represent those' numbers. Suppose we use 
the familiar' 0, ' 1, 2, 3^ ^> 5 and 6 for these, rather than invent 
new sythbols. As you* will .discover, no other symbols are needed 
for the ba«e# seven system. .* * " ' 

''If the x«s are marks 'for days, Ve may think ;of ISg^^^^ as a 
' way of writing 1 week and five^^aj^s. In ^ourT^ecimal ^system we 

name this nujjiber of days "twelve^'^and »write it "12" to show one 
* group of ten and two more. We -ngt write base name ir\ our 

numerals since we all know ^what the base -is. 

We should' not uSe the name "fifteen^' for 15g^^^\ecause 



We shall simply read 15^^^^^ as 



fifteen \i 1 ten amd 5 more . 
"one, five', base seven. 'y = \ 

You know how to coun't in base ten an'd how to write the 

niimerals in succession. iJotice that one, two,, three, four, five,"^ 

six, ^seven, eight, |j|d nine are Represented by single symbols. ^ 

••How is] the' base number "ten" represented? ^is representatioo^ 

10, m^ns one group of 'ten and zero more. 
. . . . . ^. ^ 

With this idea in mind, think about counting ^in base ^even. 

Try, it, yourself and compare with the following table, filling" in * 

the numerals from 2i €o 63^^^^^^. In^this table the 

"loweVed" seven is omitted. . • , * ' 



Coasting in Ba^se Seven 



-3>lujnber 

one 
twb 
three 
four 

^five- ' ^ 
six 

one , zero 
• one , one 
pAe, two 
bnte, three 



j Symbol 



1 

• -2 
' 3 
.4 

5- 
6 
■ 10 
" 11 
12 
^ 13 



Number 

one ,^ four " 
one l*ive 
one, six 
two, zero 
two, one 

six, tl^ee 
six, f(fur 
six, f^vc 



six, six 

How <iid'y6u get' the numeral following l6^^„^ 

seven* 



Symbol 

■ 15 ' 

■ 16' 
. 20 

21. 

63 

^ 64 

65 

66 ■ 
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You' probably bought something lilte •tKis> ^ . 

ftc 'x.x^ X X X • . . ^ ' • . / ^ X x\ 

X • tjbs €he sa^4 as (x x x k) 



XXX 



%n6 



' X X \ 

; ;^ Ix X X X J 



wh_ich j,s 2. groups of peven x»s and'' ?J X^j'^r 
What would 'thf next numeral after 66 



lef*t'i<)^ver: 



. ' J. ■ ■ 

be?'^ Hei^e you 
seven ' • 

would have 6 sevi&ns and 6 ones plus another one^ This equals 6* 

'sevens and another' seven, that 1^, §even setvens. How eoifLjd we 

» p • , . i ' . • / * 

reprefeer^t (Seven) without using -a new i^ymbol? ^We -introduce a 

^ * ' 2 • ^ 

new group, the (seven) group. This number would thai;! be written 
{/ • * • 

100 . What does the rkaitiber really me^a? ^ G® on from this 

seven , ' - ' ^ ^ > ^ 

point and» write a few tijore numfeeps. -What would be the next 

numeral after 666^^^^^? ' V ' ^ ' 

^ • • • ^ 

^Place 'Values in. Base Seven- 

(sevenP (seven) ^ > (seven)^ ^(s^^ven.) ' l^even) ^ (one) 

Notice that each place represents seven times the Value of 
-the next place to the right , The firfit place on the right is the 
one place in both the decimal and thfe seven systems; ^ The value 
of the second place is 'the basfe tjjnes one. ' In this, case what is • 
U?* The.val^e .in the third jJl^ice from 'the right ^ig^ (seVen ,x 
seven) /end in the n^xt place (seven x seven >^ s^v^n) . 

What is the decimal nam^for (seven x seven)? We need,tg ' 
use tills (forty-nine) wh^n we. change from base, seven to base* ten. 
Show that tl^.decim^^ nvimerai for (seven)^ 18-343, What is ^the 



1 



decimal numeral for (seven) ? 

Using the chart abbye, we see that 



246^-„^ » (2 X seven x seven) + (4 x seven) + (6^x One)^ 
seven i 



/ . 
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• • Ttte 'diagram shows the actual groupir^rapresented by the' 
' ' digits. and -the ;piace -values^'ln the nunveral 246^-^^^^:^ ^\ 



- f ^X X X x 'jC PC x )^^ 

i(x ^ X X\ X X O^' 

. j (x X X 3|; X X x ) 

| (x X- X 'X-^X X x ) 

} ^X X X ,3V X. X x ) 

1 ^ i X X ^X X x ) 

|.(x X X X ;c- X 3c)^ 



X X X^X^X 3C )] ' ( x X X X X X x ) 



!• ■ I 



X X X X X X 



X X OC X X X 



1 ^ 



XXX 
? ^ X 



-[( xr- XXX x.^^x )l , ( x X X X X X x ) 
. 1 ^ ^ X X ,x )[ , (x X X x -y X x^ 
i'( x X X X X X , . - ' 

k 



X X 'X X X ^1 
\(x i. X X X X x)l' 



. {2 X' ^evpn X seven) 



. (4 X 66ven) ' (6 x; one) 



If we wish to wrlt>e the -numlper of x's,ai,bove in th^ decimal 
system of^ notation we may wri'teV ^ • • * 

24£ i2.x 7 X 7.) +' (4 X 7^) + (6 x l)'* * ' 

" seven . ^ « • / \ / \ , / 

* • ' ='(2 x*49) + (4 X 7) + (ox 1)* 

28 6 



98 



= 132 



ten* 



' Regroup the x's^above to- show that th,ere are' 1 (ten x ten) 
group, 3(texi) 'groups^ and 2 more. This should help you under- 
stand that 246^^^^^*= i32^^_^.- 

Exercises 1-3 * 

Group the x's below and j^rite^the number of ^c's.ih base 
♦sefVen notation: / » * 

a. X X X X x^ 

X X X X X 



b. 



X X X X X 

X it"x>x X ^ 

^ ft • 

^ * ^ X X X 3t * ^ ' 

' . X X X X 

5. Draw x's and grou'p t^i^ to shov^ the meaning of the following 
ntunerals. , , r ^ 



c. xxxxxxxxx 

KXXXXXXXX 

xxxxxxxxx 
X X xr X X X X x 0^ 
.xxxxxxxxx 
xxxxxxxxx 

X X X X X-X X, X 



^- ^^seve^i , -^^seven '^^seAren 



101 



seven 
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3. ' Write each. of the follpwing ^rtumerals in expands (i\ form and 
then In degdmal notation. 



J 

33 ^ b. ' ^5 J* . c. 100 d.' 52^,jg!'„., 

Seven . -^seven seven ^ 5|^en 



4... Write th.e next consecutive* numerajl* after each of the follow- 
ing num*a'ls. * ' i 

^^jp ^^even ^ ^ ^^seveh a ' ^^^even, J 

' ' '/.'^d. 1623^^^^^ - ^- "^OOe^even-' 

.5. ^What is tl^ value of" the An^e^ch of the following ^ 
■ . numerals? ' , . - . * 

'.'6. In the base seven system write the value of the fiftn place 
^ ^ counting left from the units plaee . 

7. In the base seven system, what Is the value of tjie^tenth , 
place from' the rlglat? , ^ [ 

*8./^^What numer§l In the seveji system represents the number named 
by six dozen? . ^ ' ^ , - " 

Which number is larger,, ^52^^^^^" or ''^^^^^'^ \ i 
■10. . Which number is greater, 250^^^^^ or 205^^^? 

11. Which is smaller,^ ^125^^^^'^ or TS^^en' 

12, ^ 5RAINBUSTSR. Pn planet X-101 th/ pages in books are 

numbered in order. 'as follows: |,/,A,n,S',H,, 
I-/ I I / IZ> I A ', I □ , I S, I 8 , Z I and so forth/ What 
seems to be the base of the numeration system these' people 
use? Wlfiy?^How would the next nunjiber after ^\ be written? 
-V Which syinbol corresponds to .our zero? -Write numerals for 
• 'numbers from □ - to S A . - 

1-4^ Computation in .Base Seven . ' • ^ 

Computation in base seven is undertaken to clars^^fy compu- ^ 
tatlbn^in decimal notation* ■ The stress here should be on the 
ideas involved and not on^computational proficiency. ^ 



1 



ERIC 



^ - ' • [sec. 



Addltlon 



In the decimal, or ba^ ten, systenr there are 100 "basic" 
addition combinations, By this ^ime y<Ai know all. of them. The 
combinations, cajfi be arranged irf a convenient -table . "^art of the 
table is given below. ' • 



0 



Addition, Base Ten 





0'- 

4 


1 


2 


3 


.4 


5 


"6 


7 


8 


9 


' 0 


0, 






1' 
1 

_u 














1 * 




2 




1 














2 








■5 














3 


3 


4 


5' 


6 














4 




5 


6 


7 ■ 


8 






- * 




« 


5 




6 


7 


8. 


9 


10 


11 








6 






















7 






















8 






















_ 9- 


















17 





The nuribers represente'd in the horizontal row above the ^Ibe 
at the top of the table are added to the numbers in the vertical 



row under the sign at the le^ 



The sum "of each'pa^ir of 
numbers is written in the table . The sum 2 + 3 is 5> As pointed 
out by th^ arrows. i 



Exercises l-'^a 



1, Find the sums 
a. 6 + 5 - ' b. 9 + 8. 

2. Use cross ruled paper and^complete the addlylon table on 
page 9 ' (you , will* use it later). ^ 




/ 
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10 



' 0 



/ / 

3-. Dtaw a. diagonal line from the uppef left c,6rn,er to/thte lower 
right corner of the chart as shown at the^^ right. / ^ ■ 

a. Is 3 + 4 the same as 4+3? » 

b. How could the answer tfi part ,a) 
, be determined from the cMar^^^ 



0 


/ 




/' 
/ 




/is 



What 'do you notice^ about the 
two parts of th^ chart? 

What does t^s tell you ab6ut the number , Of ^iffer^nt 
combinations which must be mastered^ Be syre you can 



7 



recall any^of these combinations whenever /you .need thetn. 



Make^'a chart to^ show fhe bas/c sums, when^lie/ numbers are'* 
written in b^se seven notation. Foiif sums At*,e supplied .to 
help you. ' ^ 




5. a. 



b. 



c . 



v^iow many difj'erent number c/)mbinatlons are 'thei^e in the' 
b^se seven liable? Why^ 

Whicrt woulcy^be easier, to /learn ttie necessary multi- 
plication (^tombinatlons lry_- base seven or in -base ten? 
Why? 



\en;^'5ten \^ven ^ ^zeuen the- tables. 

Are, the results equal; phat Is'; do they represent the 
same^ number? 



ERIC 



l^he aJiswer fco problem 5c ip am illustration of the. ■fact' that 
ft number is an idea independent of ^he numerals used tc^write its 
jiame. Actually, -9^^^ and ISg^^g*^ are. -two different names for" the 
salne nuinber. 

' ' -. . r ' 

• . , 1.8 
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i Do not try to memorize ^tne addition combinations for biee 
'seven. . Dhe* valine in jnaking the table lies in the hejp it. ^ves 
you in understanding operations with , numbers . 

The table that you compl.eted in"* problem of the last/ set of 

* exercises shows the sums of pairs of numbers from zero to /six. 
Actually, little more is needed to enajDle us to, add largei 
numbers.* In order 'to see what' else is needed, let us consider 
how we add in 'base ten. What are the steps, in your thinMng when 

^ 'yo^ add numbers like twenty-five and forty-eight in the pecimal 
ribtation? 

25 = 2 tens + 5 ones = — ■ ^ 25 

. , iiS = 4 tens -h 8 ones = ' ; -^-j-^ 48 ^^ 

^ / % tens* + 13 ones ^= 7 ^^ens .3 ones ^ = .73 

Try adding ip t5ise seven: ^^^^^ + ^^g^^n" 

1 seven + ^ * oh.es ' {jf^u may look up' the sums 5 + ^ and 

3 ' sevens ^5 %r^s 3' +' 1 in the base s4ven addition table.) 

4 ' sevens + 12 ones 5 'sevens 4- 2 ones "5^^^^^^. 

How are the two examples alike*? How 'are they different?. When is 
it necess.ary to "e^rry" (or regroup) in the terif system? When is 
it riecessai|f to "carry"^ (or regroup) in the seven 'sSrstetn? 

Try your 'Skill ''in addition on the i'ollowifng problems. Use 
the addition table for the basic sums. , ; 

* 42 .65' ' '^2 2b^V " 435. 524- 

seven -^seven seven ^ seven -^Sieven seven 

13 11 25 105 &25i. 56^ 

seven seven > ^seven ^ -^ seven' "^i feven seven 

The answers in order ar^^Sg^^^^, ^^e^even'' ^^seven'. .^Keven' ^ 

. • 1363 , and. 1-21 

seven' seven 

V Subtraation " ^ • / 

How did* learn to subtract i^base.ten? tou probably * - 
used subtraction combinations such as'l4 --S until you were • 
thoroughly familiar with them^ You know the answer to this 
problem but supi^ose, for thef-^moment , • that you did not. ^ Could you 
get the answer from the addition table? You really want to ^sjc* 
'the follow^g question: "What is the numbec which, when added to 
5, yi^itls l4?" Since the, seventh 'row of the base ten addition 

O ' / ' [sec. t-i\ ' • ' . ^' 
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rie results /of adding various numbers to 5i we 
op 14 In /hat row*. Where do you Tlnd the answer to ^ ^ 



table glvesi t\ 
should look' f oi 

l4 - 5»? Did yiu .^sw/r "the last oolumrr^'? Use the base' ten 

£ddltlofi table 

' ! i / 
* 9 - 2, ' 8/- 5, 12 - 7, 17 

The idea (Jlac/ussed above Is used In .every subtraction 
problem. . One other Idea Is needed In many problems, the Idea of 
"borrowing" op 'fregrouplng. " This last Idea Is Illustrated be^ow 
for base ten f Ind 76l - 283: 

7 mJhdreds + ^ tens + I one, = 6 hundreds +, 15 tens + 11 ones = 7ol 
2 hundreds + ,6' tens + 3yt)nes = 2 hundreds 8i^tens + 3 ones = 283 

'-.4 hundreds^ +' 7 tens + 8 ones ^78 

* Now let* us try subtraction In base seven. How would! you flod 

"6 - e ' X? ' Find 13,, - 6 . ^ How did you use the 

seven seven ^7 &even seven ^ , 

addition table for base seven? Find answers to the following 

- ' » 1, . 

subtraction examples: ^ v • 

'•"^ , ■ , '' , 

1^ 12 * ' ll'^ ' * 1^ 13 * 

Pseven * s^Ven , seven , seven -seven 

6 4 . 6 5 ^" 4 
_ ' ^ seven seven seven -^seven seven 

O^e answers to th§^se .problems are 6^^^^^, ^^^^^^^ 

6 * . and 6 " . Itfer^'^ ' ' v * 

jsevep/ t seven ^ . 

^ Let us wotk a harder subtraction problem in trase sev^n 
compajring th^^ procedure with that 'used above: ' 

^^*?seven " ^ sevens + 3 ones = 3 sevens + 13 ones = ^3^^^^^ 
3L6 ^ . .= 1 seven > + 6 ones 1 sfeven -f 6 ones « l6 



2" sevens + ,4 on^s =» 24 



seven 



Be su;r^ tp note that "i3 ones'' above is in the seven ^ 
system, and is "one seven/ three 'ones. " If you wish to find t.he 
number you add to 6^^^^^ to get 13^^^^:,. how can Jrou use the 
table t^i'help yqu? Some of you may think of the number jiiijthout 
rtf erring^ to the table . , ' 
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Practice on t^iese subtraction examples: 

^^sevfen . seven ^^seven • .^^^severi ^^^seyen 

14 > 35 26 - 263 ' 1^0 

seven -^seven _seven ;;_8even seven 

The answei^s are ^2^^-^^^, ^^sevenr'Sseyek' ^^^seven ^ 333^^-^^'. 

^Exercises 1-^b 

1, ^ch of the following examples is^ witten in base i^even. 
Add, Ch^ck by* changing the numerals to decimal Flotation 
and adding in base tetr'as in tbe example: 

Base Seven Base Ten 

•♦'■•..*.- 
" /■ ^^seven C_ • - 

"* • \ 23.- ^ ^ t'17 * ♦ . - 

^even ^ 

42 . * ^ 30 

* seven 

' \ * 

'Does 42 « 30? , 

seven , * « • 

^31 ' • PI 53' ^ ' ' 

_^feven > seven . ^ 



f . 


.160 

seven 


+ 430 » ' e. 45 + 
seven -^sevjsn 


1^3 « " 
sevenr # 


seven 


+ 563 • ' g. 645 ' + 605 

^ -^^^se^ven ^ ^ -^seven. , -^seven 


' . h. 


6245 ' +5314 *.i. 62.04 

-^seven ^ seven seven 


+ 234 . " 
seven 


/ ^ J- 


645 

^seven 




+ 6245 

-^seven v 


,^-2/ Use 


the base 


seven addition table to find: - 


a. 


6 

seven 


•4 b; -11 ' - 
seven - seven . 


4 

seven ^ 


•/ - 


i \ ^ 


"^^seVen " ^seven' 


s 

" \ 


• 




r 
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3, Each^qf the following examples fs written In base sevep 
Subtract, Check by changing to decimal numerals. 

a- ia_„„ • b^ 6^^__ c. 20Q_„_ . 4. l6o 



seven 



^'^•seven 



*seven- 



seven 





5 - 
seven 


seven 




se vt?n I tye ven 


- e. 


sev^n 


35 ' 
^$.even 


f , 


6^1 ' - 132' ' 
seven seven . 




502 
, seven 


- 266 

seven 


h. 


5000 - 4261, 
' seven seven 


•i; 


634 ^ 
seven 


~ ^^seyen 


J.- 


134 - 65 ' 

.seven ^seven > 




.3451 

seven 


- 2164^ 

seven 


L 


253 - 166 
^ seven seven 



V 



4.' Show by grouping x's» %^t: 

^ , a. 4 twos = H„I„^„ 
seven 

m 

b. ^ 6 threes = *24^^^^^^ 
seveja 



...c. 3 fives = 21 



seven 



5- sixes \ 42^^^^^ 
^ s se^en 



Multiplication ^ . • 

In o?*der to multiply, we may use a table of basic fapta.^ 
Complete the following table in decimal numerals ^nd be sure you 
know and can recall Instantly th^ product of any* two numbers from 



zero to nine, 



Multiplication, Base Ten 



X 


0 


1 


2 


3 


4 


. 5 


6 ' 


7 


8 


9 




0 


0 


















1 


0 


1 












T 






2 






4 


6 








-^-^ 


1 


• 


3 








9 


12 












4 








• 














5 






















6 






















7 
















—J - 






8 






















9 
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Exercises 
J ^^^^^^^^^^ 

'Refer to the .preceding, table . ^ - * ' 

"a. Explain, the ypw of ^ zeros aod the columh of zeros.. 
b.t Which row in'the/tablfe is exactly like the row at the 
top? ,Why? ' " ' ' , ' • 

Imatgjine* a^- diagonal line drawn from the x sign in -the table 
to the lower right corner. What can you 'say, about the two 
tria^cular parts of thfe table on' each side of the' llne?^ 

Complete the multiplication table below" for ba?e «evea. — 

Sugges-tion: To find X 3^even ^^^^^ ^^^^ ^^^^ 

xfs thVee times and regroup to show the' base seven numeral. C) 
BeVter still, you might think of this as 3^^^^^ + ^^l^' — 



3+3 • 

seven seven, s'' 

Multiplication, Base Seven 



7: 



X . 


0 


t 


2 


3 


4 


5 


6 


0 
















t 
















2 










il 
* 






3' 
















— m 

4 








15' 








5 














I 


'6 














5! 



• Yqu laiow ^bout cfarrying (or regrouping) in addition, and you 
have had experience in multiplication in base ten. Use the base 
seven nMltiplication table to find the f9llowing products. 



52 
X 3 



seven 



34: 



seven 



sevfen 



seV-en 

, Th^ answers are 2l6 



421 
X 4 



seven 



sevf n 



621 



jJteven 



604 



seven 



V 2 X 3S 
^2 s^ven ';_&ewen 



. 303 , 2314 ; „ 
seven' ^ se^^en' seven* 



1542' * , 3l4o6 

seven' < .seven, 



0 
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' Check the mdltiplication shown 
at the right and then rfnswer the 
fol. lowing questions. How do you get 
the entry 123 on tl^e th;Lrd l;Lne? ^ 
^9 you get the entry '201 on the, fourth """"seven 
line?' Why is the 1 on line 4 placed under the 2 oa-llne 3? Wfiy ' ^ 
Xb the 0 on line'.i^ placed under the 1 on line 3? If you do« not know 



.45 • 

X 32^^ 
^ _seven 

123 ' ^ 
201 

?r3^ 
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" why the entries oh lines 3 and 4 are added to get the lanswer, 
• you will study this more thoroughly later. 

Division ^ ^ . ^ > 

Dlvisloh Is left- as an exercis6. for you. You may*fln^t4iat 
it is hot easy. Vforklng^ In J)a8e seven should* help yjciU ^understand 
.why^som'e boys and girls have trouble with division in base ten. ^ 
Here are- two^ examples you may wish to examine. All the numerals 
within the examples are written in base seven: How can you use 
> the multiplication table here?- %0 



;seven 

6 F053 ~ 
seven '23 seven 

, ^5 . 
42 ^ 
^3 
^3- 



Division in Baee Seven 

' ' 46 



seven 



'Uneven 
%32» • 



Exercises l-4d 
« — — — 

1, Multiply the following numbers in base' seven numerals 



check your results in base tei}. 



C5 

a. 


14' X 
seven 

, 1 


3 ' 

. seven 


b. 


- c. 


^seven ^ 


^^seven 


d. 




seven ^ 


43 ' ' 
seven 


" 'f. 


g- 


3046 

. seven 


X~24 

seven 


J. 


i. 


250 * X 341 

seven seven 



6 X 25 
seven -^seven 

^seven ^^'^sever 



2. Divide. All numerals in tjlie exercise ar^ in /base seven, 
c. 



seven 



seven 



b. 



seven 
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^ • ^^s'even^^^^seven 



seven ^ 7 



1-5. Clmnglng from Base Ten to Bagjg SeV^n .. • _ 

In general, it is easier to change from base seven numerals 
to Wse ten* n\iiiiera;j.B than the reverse. Again, the stress should > 
be on* the^'ideas rather than on computationar facility. . 

You. have learned how- to change a 'number written in base 
seven Jiumerals to* base ten -numerals , It is 'also. easy to change 
from base ten to base s^ven. Let 'us see how this is doiie. 

In base- seven, the values of the places are: -one, seven , 
"seven^, seveft^,^a'nd* so on. That, is, the place values^ are one and 



en r, 

seven^ =(^7 x 7), or ^9^^^ 
\ ' seven^ =(7x7 x 7) .or ^^^^^^ 

^'Suppose you' wished to change 12^^^ ^^^^ seven numerals. 
Tijm time we shall, think of groups of powers of ^even instead 'of 
actually grouping marks, What is the^ largest ' power of seven' 
which Is contained in 12* ? Is' seven^ the largest? HoW about 
seven (f\Drty-nine) or seven (three .hundred forty-three;? 
We can see that only' sevkn"^ is small enough to be contained in 

^^ten- ■ ; . " - , 

When ve divide 1*2 by 7 we have- ' 

^ . 1. ' ^ ' - 

7TT^ 



What does 'the l^on top mean? What does-^the 5 mean? They tell us 
that 12j,^^ contains 1 seven with 5 units left over, or that ^ ^ 

^^ten = 4 ^^''^''^ ^ ^^^'^^|ten ^ ^^seven* 

Be sure you knbw which place In a base seven numeral has the 

p 3 ^ ^ 

value seven , the value seven , the value seven^ , and ^so on, 

How is i^^Qj^ regl'ouped for base seven nuiffierals? .Whatsis the 
largest^ -power of* seven which is contained,- in 5^^^^^^ 



In have ? x seven + ,? x seven + . ? X one. 

' ' -2 ' • 

^9j5^ We have ( ' 1 . x *serven.O + (0 x seveTr) +. ( 5 x one). 

^ Then 5^*. ' = 105 ^ . ' 

'5 ten -^s^ven • • 5- 

Suppose the prbtlem is to change 52h ^0 ba8e_3even 
numei^als. ISince 52^^^^ is larger thart 3^3 ( seven^) / find how 
•many 343's there are^. ^ ^ . '* . / \ 

• r -1 * ' / 

, \ 3^)524 >' -^us 52^ contains one seven^ witfi 181 remaining, or 
- TbI ; '52^>'(1 X seVen^) -f 181, and there will be a "l" 
'in «the seve'n- '.place . 

. ^ NOW find ho^^any 49 »s (seven^)/ ther«^ are in the remaining 

181. \ • ' 

' ^.3 ^ ' ^ ' . ' , 

/49)l8l ) laius 181 contains 3 hg^s with 34 remaininig, or 



. 1^ • 181 = (3 X seven ) 4 34, and there will be a 
'^3" in the seven^ plSTce, 



^ How many sevens are there in the remaining 34? 

4 ' ^ ' ' . f 

7)34 Thus 34 contains 4 seven's with 6 remaining, or 

— 1^ 3j^ = (4 X seven) + 6, and tfiere will be a "4"^ 

' * in the sevens place . 



What will \^ in the units plat^e? We have:' 



^^tmn ^ (1 X sevens) + (3 x seven ) + (4 x seven') + (6 x one) 



52*^ « 1346 ^ 
ten ^ seven 

^Cover th^^^^rs below until you have made' the changes^for 
yourself. 



lOk^^ (1 X seven) + (3 x one) 13 
ten ^ ' ^ ' seven 

*" ^6,^^ - (6 X seven) + (4 x one) =-64 

ten ^ ' ^ * seven.- 

^^^ten "'(2 ^ seven^) + (2 x seven) + (l.x one) = 321^^^^^ 
1738^^^ » (5 X seven ) + (O X seven ) + (3 x seven) + (2 x one) 



50323eyen- 



, ( 



2^ 
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In changing base ten numerals to baset.>^ven we first se^lect 
tfxe large &t place value of fease seven (thSit is, power of seven) 
contained in the number. We divide tHe^'niauber by this power of ^ 
seven ^and* find the quotient and remainder. The quotient is the 
first digit in the fease seven numeiral.^ We divide the remainder 
by the next smaller power of ^aeven and this quotient is the 
second digit. We continue to divide remainders by each succeed- 
ing, smaller power of seven to determine all the remaining digits 
in the base seven numeral. 

Exercises 1-5 

1. Show that: 

2. ' Change the fcSilowlng ba8'&~-teQ_ numerals to base seven numerals 

■ a. 12 ' ' d,' 53 . • . 

■ tr. ' 36 e..' 218 , ' • 

' c, 44 ' f. 1320 



1-6. Numerals in Other> Bases .. 

I The base of^,the sy^em we use Ijb "ten" for historicJ^l rather 
than mathematical reasons. / _ » 

You have studied" b^se se,ven numerals, so you now know that 
it is possible to express numbers in systems ^different from the. ^ 
decimal scale^. Many persons think that the, decimal systenTls 
used^ because the base ten is superior to other bases, or .because 
the nvamber ten has special properties. '.Earlier it wasilndicated 
that*we probably use ten as a base* because man has ten fingers. 
It was only natural for primitive people to coiint by making 
comparisons^with their fingers!/ If man had had pix or eight 
flngeri?, he mlght'have le^imed to count by sixes ei^ts'. 

Our fajgiiliar decimal system of notation is, superior to the 
Egyptian, Babylonian, and otherjr^cause uses the Id^a of place 
value and na^ a zero symbol, because its base is ten. The 
Egyptian system was a tens system, but it lacked efficiency for 
other reasons. 
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Aaseg Five and Six \ ' / ' 

Oup decimal system uses ten symbols. In the seven system 

yo\i us^d* only "^even symbols, 0, 1, 2*/ 3^ 4, 5^ and 6\ How many 
^ ^ « *» 

syfl|bbl8 would Eaifcimos use couffting in b^se five? How many 

base six require? A little thought on the preceding 



' ' symbols would 
^S3rmacils iiwuld 



jce'^j 



questions should lead you to the correc't answers 
how many symbols are needed for base twenty? 

*The ;t's at the right are grouped 
in sets of five. How majiy groups of 
five are there? . How many ones are 
left? 



' Can you 'suggest 
w 



\ 




The decimal numeral for the number of x»s in this diagram 



is l6. Using th^ symbols 0, 1, 2, 5, and- k, how "xould l6 



be represented in base five numerals? ,An EskimOi cpuhtlng in 
bas^ five, would -think: - ^ 

There are 3 groups of five e^d 1 'more. 



16 



ten 



= (3 X five) + (1 X one). 



l^ten = 31^.^^^. 

In the- drawing at the right 'sixteen 

x'sare grouped by sixes. Hqw many groups 

of six are there? Are there any x's left? 

How would .you write l6, in base si^ 

ten 

numerals? 

There are 2 groups of six and ^ more, 




(2 j< six) + (4 X one), 
six- * . * ; - 



X X X X 



Write sixteen x's. 



you write the niAmeral l6.^ in base four numerals? 
*■ ten 



nclose them in groups of four x*s. Can. 

How many 

groups of four are there? Remember, you cannot ^ise the. symbol 
"4*\in base four. A table of the powers of f^ur in decimal 
n\imerals is shown on the . following page/^ s ' * 
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(four^^) • 



(four^) 



(one) 

(1): 



our 

(4. k x^) ^ (4x4). (^ 
• ; .(64) , (16). * (4.) 

To vfrkte sixteen x's in 'base'rour^we ne§d 
(1 group of four ) (O groups of four) +"('0 ortes). That is, * 



Exerqlses 1-6 
Draw sixteen x's. Group, the x's 1ft deta^-of three' 



There are 



groups^ of thi?*ee and _^ 



-b.^ Are your "Answers to Part (a) bpth digits 
three system? Why not? ' » 



» th 



over, 
the base 



c. In sixteen x'a there are ( _ 
( * groups of threel + ( 

d. . 16, 



groups of three ) + 
left over) . 



ten 



—three ' 



Draw groups of x's to- show thfe niombers represented by the 
following numerals. Then write l^he decimal niomerals for 
these numbers. * * 



a; 23 



four 



15. 



c . * 102, 



d* '21, 



-^slx """three ^""flVe' 

3. Write In base' five notation the numbers from one through 
thirty. Start a table as shown below: * 

iase. ten 0, 1 '7 2 3 • 4 
Base f jye 0 1 ^ '? ^ ? 



? ? 

a,' How many threes are there An 20. 



5 



6 

9 



7 

9 



^three' * v 

b. How many foura^'are there In 20^^^^? ^ * 

c. How many 'fivfes' a're there In ^0^^^^'> 

^d. How many sixes are ..there In 20^^^? • < 

5. Write *'the following In expanded notation^* Then wrlte^the 
base ten numeral for ^ach as - shown In the example. ^ 

Example; A02^^^^ - (^x 25) + (O x 5)r+ (2 x l) \27 



412 



six 



c. 1002 



five 



1021 



three 
four 
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j6. Write the followirig decimal n\fmerals In bases six, five, 
.four,^nd three. Remember th.e values of the powers for 



each of these bases. 



c , 



U 
28 



7 J 

^ten 



ten 



Note the example: 

= 21 



ten 







b. 




d. 





three * 



1-7. The Binary System . - '\ ^ . , 

The U3,e of binary notation in Jilgh speed computers Is, of 
course, 'well i<nown. The binary' system is nsed f or-computers 
since there -are only two digits, -and ati electric mechanism' Is 
either "on" or "off." The base two has the disadvantage that, 
while only two different 'digits are used, many more places are 
needed to express numbers in binary notation than in decimal, e.g. 

g ^ere is another base of special Interest. The base two, or 

binary, system is used by some modem, high speed, computing^ 

machines. 'These computers, sometimes incorrectly called^ 

* f 

"electronic brains," use the base two as we use base ten. 

Historians t,ell bf primitive 'people, who used the bfffiiry 
system. Some Australlatn tribes still count by pairs, "one, two, 
/twa and one, two twos, two two a vid one," and so on. 

^I^biaary* system groups by pairs as is done with - |^ ^ 

the thr^e x's at 'the right. How many groups of two IxJ 

are shown? How many single x's are left? Thre^^x's mfeans 1/ 

group of tljtfQ smd Jb^one. In binary notation the numeral 3. „ is 

^ . 0 . ten 

i*rltten 11^.^^. 

■ ■ ' ■ 

Covinting in the binary system starts as follows: . 



^cimal rxumerals 


1 


, 2 


' 3 


4 


■ 5: 


' 6 


7. 


8 


9 


10 


Binai^ numet*als 


1 


10 


11. ' 


100 


101 




Ill 


? ' 


? 


? 



,Hbw mShy symbols sre needed for bas^ two numerals^ Notice that' 

the numeral^Ol^^Q represents the number of -fingers on one hauid. 
Vftiat does'lli^^Q ^axil ' , 

two " ^ ^*'°^) + ^"o^) + (1 X o/») - + 2 + 1 ^ T^gn- 



111 

ERIC ' 

bp™ 



[sec. 1-7] 



i2 



How would you write 8. in binary notation? How^wou^d you write 
-^^ten t>inary notation? Compare tfiis numeral with 101^^^. . 

Modern high speed computers are electrically operated. A 
simple el^ectric switch has only two positions, open (on) or 
- closed .(off ) . Computers operate on this principle. ^Because 
there are only two positions ' for each placie, the computers use 
the binary system of. notation. 

. We wlil use the drawing at the ' 
rig^t to represent a computer. The. 
four c^clea represent four lights on 
a panel, and each light represents 

one place in the binary system. When Figure l-7a 

|.^e current is flowing the light is 
..'on, shown in Figure ^l-7b 'as . 

A is represented by the symbol 

"1". When the current does not Figure l-7b 

flow, the light is off, shown by 

in figure l-7t. This Is represented by the symbol "O". 



oooo 



o o©o 



panel in Figure l-7b represents the binary numeral 1010 



The 
two ' 



What 




a 

two 


* two^ 


^ 2 
two ' 


-two^ 


one 


2x2x2x2 


^x2x2 ^ 


• 2x2 


2 


^ 1 . 


•16 . 

! 


8- 


k 


T 


1 



right shGW^ tlte 
place values 
th& first fi 
places in base 
numerals, ' ' ^ ' ^ ^ . 

l5lO^^\^= (1 X two^) + ,(0 X two^) M- (1 X tjwo"^) + (0 H one)^ 

= (1 X 8) + (0 X 4),+ (1 X 2)%, to ^ 1) 

; ' • = ^^ten-^Z ' ^ ^ . . ^- ^ 

Exercises 1-7 . ' 

"5— \ ^ 

1, Make a 'counting charts in base tW f or the numbers from zero 
to t}iirty-three . ^\ j 



Base Ten 


. 1 


2 


3 


4 




33 


T 

Base Tw<j 


1 


10 


11 









Copy- and complete t^je addltloa 
chart for ba^^ two shovm at the ^ 
right.. How n^ny addition facts 
are tide re? 



Addition, Base Two 



1 



Usftig the same fdrm as ii> Exercise 2, makq a multiplication 
chart for base two. How .many multiplication facta £u?e there? 
How do the tables compare? - Does this make working 4*lth the 
binary system difficult or easy? Explain your answer. 

m 

• * . i 

Write the following binary numerals In expanded notation and 
then In "base ten notation. a 



a. 
b. 



^^Hwo 
1000 



10101 



two 



two 



d. ilOOQ 



e . 10100. 




Add these numbers which are expressed In blnarjr notation. 
Check by expressing the numerals In the exercises, and 1ft 
your answers,. In lieclmal notation and adding the usual Vay. 



101 



10 



two ' 
two * 



110 



101 



two 



two 



^^^^.^two 
^^^^^two 



d. 10111 



two 



11111 



two 



Subtract these base two numbers, 
did In Exercise 5. 



Check your aiiswers as you 



111 

idl. 



two 



110 



two 



1011 



two 



11* 



.100 



two 



llOfll 

10^.10. 



two 



ty(p 



^two ^two 

Whin people , operate cei^aln kinds of high speed computing 
machines,. It Is 'necessary to ^express nvmibers In the binary 
system. Change the following decimal niimerals to base two 
notation: • ^ 



a. 



'35 



128 



"12 



d. 



100 
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• Chapter 2 ^ 
WHOLE NUMBERS 



» Counting Numbers , 

.A seventh grade arithmetic course customarily ^t>egins by 
reviewing the, ari^hmet^ studied in earlier grades. Frequently 
the review corfsists mostly of drill prpblems. The preseitt . ^ 
•chapter illustrates a Hay Iji which arithmetic can be reviewed in 
^such a way as to bring out some .of the basic, unifying ideas of ^ « 
arithmetic without sacrificing practice on arithmetic skills. 

The counting numbers "^e the numbers used to an,swfer the 
question "How many?" Primitive man developed the^idea of number 
by the practice of matching ob^Jects, -o^ things, in one det with 
objects^ in anrfther" set. When a man's sheep left the fold in the 

moining he <50uld put a -stone in a pile as each sheep went out. 
When th^ sheep returned in the evening ne 'took a stone out^crf^the 
pile as a sheep went into the pen. If .there were no/ stones left 
in the pile when the last ^sheejp was in the pen he l^ew *that all 
the sheep had returned. Similarly, in order to.ke^p count of the* 

.numbe!r' of wild animals he had'kllled he^ could make jiotches in ^ 

ostlck--one notch for each animal. If he were asked how many , 
animals he, had killed he could point fo the notches in -the ^tlck. 
The man was saying that there Were iust as. many animal killed- as 
there were noiTches in the stick. The man was tr»ylng to anbwer tihe 
questloh "How many?" by ^making a one-to-one correspondence 

'between the anl*raals and the notches in the stick. He was also 
trying to answer* the question "How many?" by making one-to-one 
correspondence" betveen the stones\f the. pile fbid". the .sheep of the 
flock. The one-to-one correspondence means th^t exactly one ^ 
stone corresponded t6 each sheep an^l exactly one sheep corre- 
sponded to each stone. This says that the number of sheep wal 
the same as the number of stones. 

Some of us have learned the meaning of number in coxmting by 
using such one-to-one correspondences. We look at various sets 
of objects as in the figure. We see 
that there is a certain propferty that 
these sets pos^s. This property 
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may be described by saying that there? are "Just as many" m^rks 
in one set as in the other ^ 'A- one-to-one correspondence^b^tween 
the sets can- be^shown by Joining "the marksi<;.ith strings, or lines 
Each mark is Joined to a mark of the^other set. N^^larks are ^ . 
left over in either set ^d no mark is used, twice/ The corre- 
spondence shows that, there a^re "just as 'juany" mark§ in onq set 
as in the other but it does not^-tell.us "l:>ow many" there are in 
terms 'of a number. 

. Fortunajtely we ^havo, a staindard set which vre ^n use to tell 
us "how many" there- are in bach set. It also can be used to tell 
us that there. are "just as many" in one set as in the other. 
Th^s staindard set is the set cf counting nimibers represented by 
-the numerals ^ 2, 3> ^, 5^ ."^ . . In 
the figure eacfi^set of marks is put 
in a one-to-one corres"pondence with 
the set of numerals 1, 2, 3. The 
'nuirtber of mark^ is the same- as the 
nximber represented by the last numeral of the matching s€"f . . This 
kind of one-to-one correspondence between the marks and the set 
of nxomerals tells us that there are "Just as many" in one set as 
in the other, ind also tell^ us "ftow many" marl^S' are in each set. 

The method of using the coxinting numbers is such aT^atural 
one that the cpu^ing numbers are also cfiiled the "natural' 
numbers." In this t^xt we call them counting numbers. You ihay 
see them called "natural numbers" in other books. ' 

Let \^s dgree that our first counting number^ is 1. If we.,^ 
'wisl^to talk about all the counting ntimbers and zero we call 
this set of numbers the "whole numbers." . , - . 
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2-2. ^Commutative Properties for Whole Niimbers . i ^ 

The commutative, associative, and distributive properties 
aire basic concepts not Only in arithmetic but also irt algebra. 
They are not new to students. In fact, students have, used them, 
for a long time, but they probal?ly ihave rpt had names for t|iem 

have not recognized when they were using them. It should be 
emphasized that these properties refer *to operaMon on numbers, 
^t to numbers themselves, atnd do not .depend on the numeratJ^pn 
sjratem ttjat Is .usefd. ' ^ , ' 

{sec. 2«2] *>'-j 



If you have threie apples in a basket and ^ put in two more, 
then the number of apples in' the b|sket is obtained by adding ^ 
.2 to 3, ' You think of's + 2. If you started with two apples in 
the basket, and put in three more, then the nomber o^) apples in 
the basket is obtained , by adding 3 to^2. ^You think of 2 + 3. In 
either case it is clear-that- there will be 5 apples in the^basket. 
We may wl»ite 2 + 3 = 3 + 2.. 

"The arithmetic teacher read two lUrge numbers to be added. 
, One boy, didj|Jpt understand what. his teacher said when she read 
^ ,the first, number. He wrote the second number and then* asked her 
* to repeat the first number. When she read it again, he wrote it 
Vbelow the .second number instead of above it. If all the students 
'•donh€t addition correctly, ' will- %he boy find the^ame sum as the 
students who heard all the dictation the first time? . 

''^^Ihe boy wrote: 2^37 The ot^hlrs wrpre:^ 625^ 

. 6254 ' 2437 

y We call tnis idea which was Just described the , commutative 

property of addition for whole numbers. It means that the^ order 
in which we add two numbers -^dQes hot affjsct the sum., '-The 
property 'is used here in the usual meaning of the word--it- is ^ 
something that belongs to the ope]fation of additioB:" 

3 adjied to* 4 is 7' or ^ + 3 = 7, 
\ ■ " i| added^to'3 is 7 or 3 + ^ = 7. 

^ ^ Thus, we can, write 4' + 3 = 3 + 4. This ^ecks the 

- commutative property of addition for these two\ia^e numbers, _ 
' ^ 'Th^ commutative l>roperty of ad^ion for whole numbers may 
be stated as: ^ - ' ' 

Property 1, If a and b represent whole numbers then 
'•-a + b- b+ a, ^ ' 
In ''the above example a is 4 and b^is 3, ' 

J4ulJbiplication is another operation which we perform on 
numbers^ Is there a commutative property of multiplication? 
Let. us see how to find the .answer to the 'question, ^ - ' 
^ Suppose we have five rows of chairs witn 3 chairs in each 
row Then, suppose we decide to change, the arrangement to make- 

id [sec. 2- 2k.. 
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three rows with 5 ahairs" iVi each row. Will we need moreyr^hairs? 

Will we chaii^ wh^ich are not used in the second arrange 

mfent? ' ^ ' ' 

««« / #«««« 

♦»# ^ * . ♦♦♦♦♦ • ' 

• ♦♦♦♦♦ 

, , , 3 rows of 5 each: 3 x 5 = 15 

5 rows -of 3 each: 5 x 3 = 15 ' ■ 



^ ^ ''In learning the multiplication tables you learned that 

7 X 5 - 35 ari'd that 5x7 = 35. ,^Siniilarly 9 x 8 = 72 and 

8 X 9 = 72. When the two numbers -are the same, the produc 
the same, regardless of which number is written first. 



ts are 



These examples indicate that there is a commutative propert 



of multiplication. This commutative property of multiplication 
for whole numbers states that the product two whole numbers i 
the same whether the first be multiplied by the second or the 
second be multiplirea by the first. We state this as: 

. Property 2[J I£ * a and b represent whole numbers / then 

a, >^ b = b X a . 

We can use this property to detect misTtakes which w^ might 
make in multiplying pne numbfer by another. We found* these^ " 
products: 

436 125 ' . 

125 * 436 

2^ . 73U. 

872 ' 365 

436 . . . » - 600 

54500 53350 . I 

In t'his computation the commxitati^e property shows that we have 
made at least one mistake. Find all the mistakes, ' ^^.^^ 

In both Property 1 and Property 2 we userd lietters to^ 
represeuit numbers. This ^idea 6f using letters to st^md for any 
number- whatsoever in stating gener^ principles is a very useful 
part of mathematical langxiage. ^Scmetimes the letter x and the 
multiplication sign' may be mistaken for each other, so we .often 
use *a raised dot, * , to indicate multiplication.* For example 
we can write 4 • 3 for 4 x 3 and a • b foi^ a x b. 

[sec, 2-2] 
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y 'Many symbols are used to simplify the writing of mathematics. 
Any symbol can be introduced and used if we first de9lde what-bhe 
symbol -ie- to mean and always use it to have that meaning. The use 
of the raised^ dot is a 'good example. ' _ — 

* In mathematics wfe often say -that one number is greater than 
another. 'To simplify writing the phrase- "is greater thai;" w^-use 
the symbol > . So, to' write "5 is greater than 3" we merely 
write 5 >N. To indicate that "a is greater than b" we write 
a > b. , Similarly*, we^^use the symbol < to mean "is 'less than;" 
Henae, we write ^ <1 for '"4 ^is less than 7. " Notice that 6ach 
of these 'new symbols points toward the smaller of the ^ two numbers 
being compared. 

Sometimes we merely wish.^to note that two numbers are not 
equal. The symbol 7^ 'is us^ed. f or "is not equal to." For ' | 
examples, 5 7^ 3 and 4 0. . 

In comparing thre^ niimbers such as 3, o, and 11, we may 
^ite 3 < 6 < 11 or ll > 6 > 3. Note that the statement^ 
3 < 6 < 11 really stands for the two statements "3 is le^s than 6' 
and "6 is less than 11*." . . ' • . 



Exe rcises 2-2a 

" - , ' 

Indicate Whether eacn statemenfjpl's true or false: 

.a. 6 + ^ = + 6 

"four ^ ^^four < ^^our.^ ^'^to^v . 
6 < 7 < 14 - i. 315 + ^62 = 462 + 315 



c , 

d. 1.+ 5 = 5'+ 1 ' j. 5 > 3 > 10 ^ ^ 

e . 
f . 



6-5=5-7 k. .8^2 = 24-8 

6 + 3 = + 5 . 851 + 36f = 158 + 763 

g. -5 • 36 < 36 • ^5 If 16 > 7 and 7 > 5 then 

h. - 5 + ^ > 5 + 3 ' 16 > .5 . 

2. Add, Then use the Commutative property to check addition. 



465 b. 37't6l • " -c. 7:^67 d,. 43 
122 . 73135 . 8178^ ■ 



seven 

32 

seven 
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3. Using the symbols « , < , and > , make the following true. 

. a,. 7 + ^ ? ^ + 7 .f . (3 2)- + 5 ? 5 + (3 /-2) , 

b. 12 • 5 ? 5 • 11 .g. 8 . 3 ? 9 - 3 ' ^ 

. c. 23 • ;2 ? 12 32 Ti/ 86 • 135 ? 1^35 • 86 * ' 

- d, 3 ? 6 - • . 1. 24 ^ 3 ? 3 24 

' e. 16 ? 9 .? 3 ^ Gl\fen that a, b, and care 

^ . whole numbers: If a > b - 

" ' ^ - and b > c, then a ? c. * ^ 

- 4. Multipljr. Then use the commutative property to check the 
multiplication. 

a. 36 b.' 305 c. 476 d. 31 ' 

^ ^ .602 seven 

• ' seyen - 

5. ' Give th6 whole numtl^r 0:^ wh<;>le' numbers which may 'be used in 
place- of a to make the statements 'time, 

a. 3 + a = 3 + 5 » ^ e 132 + a = 46. + 132- 

b. ^5'7 = Y- a ' ^^f. 2+a<2 + 7' 

c. 2 . y < 2^1 g. 7 : 3 > a . 5 

d. 3 . ^a«< '3, • 2 h. a +. 3 = 3 ^ a ' :^ 

^ * *■ ^ • - 

The commutative properties of addition and multiplication 
have beep stated in symbolic for^: , 

a^.is.b s b + a and a • b = b • a. » * 

Notice how similar the statements are. ' 

Do you think -subtraction has the .commu tat ive) 'property? To 
find out we must ask whether a - b is equal' tcr^- a for all 
whole numbers a Jmd- b. If we can Xind at least one pair of 
-whole numbers for which it is not true, theti subtraction cfhnot 
have the commutative pr6perty. Is 6 - 9 equal to 9-6? No. 
In fact?, (9 - 6) is'3 and there .is no whole number? which is ^ 
(6 . 9). ' / . ^' ' . . 



- 4 
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Exercises 2^2^ : . . , ^^ 

X. Intercnange tbe -numbers in each of the rollowing. In which 
qnes ii* th€f result unchanged? 

a. 1 + 2 . . d! U - 5 . ; g. 5 - ^ ' ' ' 

J b.' 6 + 8 . e, la.^ 3 , h. 3^-»- 12 ^ 

r \, 7\ 9 f. 9- ^ ■ ' ^ i. ^ 9 

2. Does division of whole numbers have the commutative property? 
Give Uii example. swhich^illustrates .your answer., 

3. Whic^ of the following activities -are Qdmmutative? 

a. To put-on a hat and then a coat. 

b. "To put on socks suid then shoes. ^ ^ 
c . To pour redf' paiat into blue paint . 
d. ^ clo se the hatcU and dive the submarine. 

' e. To put on your l^t snoe and then the. right shoe. 

4^ VTe 'shall ^invent the operation "m" which shall, mean to choose- . 
the larger of ^wo numbers. If the^ numbers iare the same we 
shall choose' that one number. Is the operation cx>mmutative? ^ 

Example:^ - 3 M 4 = ^ ' ' , ' . . ^ , - 

5. Which of the defined operations below are commutative? 

a. ''D" means to find the sum of the first an^ twice the 
second. ' Example^ ' 3 D 5 - -3.+ (2\- 5) or l3 . 

b. ''Z" means to find the sum of the ^Xirst and the product^ 
of the first and. the second. - V 
Example: ' 4 Z 7 ^ ^ + • 7)" or. 32 . ^ 

c . "F" meanB to find the pnoduct, of th^ first and o/Se more 
than tne second. Example : 8 F 0 - 8 • 1 or 8. 
^'Q" tneans to find three times the sum of the first and 
the second. Example: '8 Q 5 ^ 3' v (8 % 5) 3?. 

6 List some activities which are commutative a/rd some which 
are not commutative » , • . * 

' 2-*^3,. The Ass'ociative Property > ,^ 

What is meant 'by 1 + 2 •+ 3r Do wd rtein (l + 2) ^ 3 in which 
we add 1 and 2r and then add 3* to the sum^ Or_do we -mean ^ 
1 + (2 + 3) ir^ which we add 2 and 3 and then add their sum* to 1?- * 

Q - • • >Cseo, 2-3] 
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Or, does- it make any differenced We have seen that the order in 
" which two numbers are added does not affect the sum (commutative 
* property of addition). T^ow we see that the way we group three 
numbers to add them does not affect the sum. example, 

Cl + 2) + 3 = 3 + 3 = 6 

'^and l + (2. +^3) = l + 5= 6. 

We--call this idea of grouping the numbers^ differently ^witnout 
changing the sum the associative property of addition for whoTe^ 
, numbers.^ Thi& pi^operty may be used' to make addition easier if 
the sum of one pair' of three numbers is easier to^ find than the '* 
sum of another pair. If you are asked to add. 12 + ^ t*^2 you 
ralght J^irst add 12 and ^ and then add 2 to l6. Or you might think 
of first adding 4 and 2 and then adding 6 'to 12. ^ If we add each 
^ of the following by grouping the numbers differently we will be 
■ showing applications of/the associative property. ^ 

. 7 + 9 + 11 = 7 + (9 + 11) ^ 7 + 20 = 27 

12 + 7 + 33 = ]^2 + (7 + 33) = 12 h- ^0 = 52 

97 + $3 + 100 = (97 + 53) + 100 = 150 + 100 = 250 . j 

The associative property can be used in finding the sum of 12 and 
7.' Perhaps you have always used it bi^it did not call it by^name. 
Notice hoW it csm be used: ' , ' ^ 

12 + 7 = (10 + 2) + 7 = 10 + (2 + 7) = 19, 

A 

/ 4^8t as we stated the commutative property of addition, we 
now /tate the associative property of addition. 

Property "3 . a, b 3md c represent any whole numbers 

^ ' (a + b) + c « a + (b + c) . 

What is meant l)y 2 5 • ^? Do we mean t2 • 5) • in which 
we first multiply 2 by 5 and then multiply 10 by 4, or do we mean 
2 • (5v.- ^) in\^which we first • multiply 5 by ^ and then multiply 
,2 by 20? Both give the same a^iswet' and we conclude that we can 
give either meaning to 2 "5 • This is true for any whole 
numbers. 

■ ' J : i 

Property ^ . If a, b, and c represent any whole numbers , 

1 



: i ^ y (a • b) . c = a • (b • c). 
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This is the symbolic st'ktement of the associative property of , ^ 
multiplicatltm for'v/hole numbers. ' ^ \ 

' In everyday life we speak -of "adding" or comoinlng several 

things. Whether such combinations nave^ the associative property 

depends on the thlr/gs we combine. Is (gasoline + fire) + water 
the same as gasoline j+y^ ire + water)? \ ^ 

The commutative property of addition rfieans we may cnange the 
order of any two numbers without ^affe'cting the sum. The associ- 
'atiVe property means' th^ we ijiay .group numbers in pairs for the 
purpoSe of adding pairs of them without affecting the sum. Just 
as there is a (^commutative property for addition and multiplication, 
we might expect the as^sociative property to belong to both • 
operations. * ' ' ' 

Sometimes it is convenient to rea&range the order of tne 
numbers which are to be added, or multiplied, in ordejr to make . 
the operation easier. Tnis may be done by use of the commutative 
, property. Then the addition or multiplication can be performed 
by grouping tne namoers according to the associative property. 
The following examples are illustrations of the uses of both 
properties in t1ie same problem. * ' ^ 

17 + (19 + 13) = 1,^ + (13 + 19) '="T^ + 13) + 19-= 30 + 19 = -9 

^50 .-(17 • '0 = 50'. (^ ,17) = (50 . ^) ' 17 = 200 . 17 = 3^00 

Is there an associative property for suotraction? Perhaps, 
we can answe'r tne question by considering just one example. We • 
try 10 - (6 - ^0 which is 10 - 2 on^. But (10 - 6) - = 0, so 
that 10 - (6 - h) is npt equal to (10 - 6) - This shows that 
subtraction does not have tne associative property. At first you 
may think that one example is not enough and -that the property 
might hold 11^ we used some other numbers.* But, if the associative 
property is tg hold for subtraction then it must hold for all - 
^hole numbers. Hence, by showing one set of three wnole numbers 
' for which the property is not true we know that it cannot be a 
property for all whole numbers: ^ » 

Do you think the associative property holds for division? 
What does^6 \-f 2 mean? We cannot tell. It may mean 
(16 -4- 4) -i- 2,» or it may. mean l6 ~ (4 2) . The first of these ^ ' 
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Distributive Pr*operty . 



In finding the-perlmeter of* the to?) of a desk one pupil 



measured the length' of each ^ipHe In feet r 
^arTaNsfound the measurements as shown In tt^e 
dJalgr^J!^S^ Then he found the gprlmeter In 
feet by finding the suia. 5 + 3^5^3 =^l6. 




Another pupil said he thought that this was 



all right but thaf It was more, work than necessary. "^He said he 
%/ouId* add 5 and 3 and multiply their s^ by 2. <W111 this give 
the same answer? A thlrljfijkll 'said she thought It would be 
better, to multiply 5 by 2 and 3 by 2 and then add. these two 
products. ' The second and thlrd^puplls mst^ not have toown the 
name of the principle they were using but it Is useful .p.nd 
important ^. It'l* called the distributive property. 'In ^rms of 
-the pupils* 'problem it^ .states sirrlply ' that ' 9 



and 



2 • (5 + 3) 1= (2 • .5)-^ (2 
2 • (5 + 3) = (2 • 8).; 



•3J 



Eight "glx?ls and four boys" are planning a skatlng-party 
Then, each girl" invites another girl and*each boy'inVites another 
Boy. The original number of girls has -been d<3ubled. The 
original number 6f boys has. .been doubled. Has the^total hunj^^r 
of children been doubled *or not? L^t u^ see. In all, there will ^ 
be (2 8) girl^and (2^- ^) boys or a total of 

(.2 . 8) + (2-. ^) = 2^ children at the party. 1^ us look at this 
-another way. When the party was planned, there were (8 -T ^l) =,12 
children. • Tha^ final number of -children 13^2 • (8 + 4) or 2 



We have seen that 3^ {2 
and 

So we can writ 



time . 




You have bee 

"Consider, for eltampi^, 3 



8) + (2 • 4) = 16 + 8 = 24 
{b'+^H) =2 • 12 = 24. 
{2 - 4) =2 .(8 4-4). . ■ . 

this prop4rty in many ways for a long 
13 or^JiS . you were .really ^ 



using the distributive property because; 
a • 13 =;3\^ '(10 +.3) = (3 . ..10) + (3 



3) = 30 +■ 9.= 29. 
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" ' Le* us see how you use th^ distributive property in finding 
-the product 9 • 36.- You probably ^perform the multiplication 
•abo\lt as follows: _ . . . 

■ 36" , ^ 

X 9 _ or - 

3^ • ( 



36 
270 



(9 X 6) 
b x-30) 



•9 



Do you see that the' left example is a short pS: doing the . 
problem? You were really using the distributive property: 

' ' • • • ' 

36 = 9 ' (30 +6) \ ^ 

= (-9 • 30) + (9 • 6) distributive proper^^y 

= 270 + 5^ i ; ^ _ 

The distributive propertj^is also important •in^oper^.tions 



involving fractions.. Let us find the product 
First >re^ll' that 12 -^'mear>Sf 12 + Then 



= (8 . 12) + '(8 
The distributjLve- property is:' 





Property If a, b, 'and c are any wti^J.e nunibeg\s then ■ 
. r-'^ a • (b + c) =, (a • b> + (a,*- c). 

The -distributive -property is the only property of the «;^ree 
we have studied' in 'this chapter which invol'^^es. two operatJonsV 
namely, additi'on and multiplication. This does not mean that any ' 
prca?lem"v»hich involves these tfo operations is 'performed by usljig - 
the. distributive prcjperty. '-For example, (3 • "5) + 1^ means that 
tKej^S^o^dUct of 3 and 5 must be found and therj 1^ added to^the 
.pro6uCt: (3 • 5) +-1^ = 15 .+ lH.*= 29.-. • ^ . 
Hov/e^r,'^3' • (5 + '^^^ ' "^^^ " ^■'^ ^'^ ' ' 



4P 
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" - Le* us see how you use th^ distributive property in finding 
"the product 9 • 36*- You probably 'perform the multiplication 
aboilt as follows; , . » . 

' 36 ' ' ^ . 36 • • • 

X 9 or , - • 2<_9 



~^ (9 e< 6) ' 
270 f$ X '30) ' * 

32^ ' ' ' 



Do you see^that the' left example is a short way of doing the , 
problem? You were really using the distributive property: 

' " .'-^9 '. 36 = 9. ' (30 + 6) 

= (-9 • 30) + (9 • 6) distributive property 

= 270 . + 5\ ^ 

- - ' . =324. '"^ " ^ 

The distributive property^is also important -ixi^ope rations 



involving fractions,. Let uB find the praductf)? 
First .i-re^ll* that 12 -^■mear>Sf 12 + Then 

' 8 ••12 ^ = 8 ' (12.+ 



^ = (8 . 12) + '(8 . \) = 96'+. 2- 




The distributJLve- property isf •• . ^ 

Property If a, b, 'and c are any wh^J.e nuinbgi\s then- ■ 
a . (b + c) =, (a . b> + (a, • c). 

J 

The distributive -property is the only property of the frt^ree 
we. have studied' in 'this chapter which' invol<res. two operat}.onsV^, 
namely, additi'on and multiplication. This does not mean that any 
pr6i?lem 'Which involves these tfo operations is'pfirformed by usifig ■ 
the. distributive property, "-For example, (3 • '5)' + 1^ means that 
th'fs^^o'dUct of 3 and 5 must be found and ther^ ad<Jed to., the 
^product: (3 - 5) +1^ = 15 + lH.«= 29,-^. - ^ . 

Hovire^r,'^3' • (5 + ^^^^^ ' ^"^ ■^^Z ^^^^ " ^-'^ ' 
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The commutative property of multiplicatioo^^jp^rnnits us to 
write (b +*c^ • a = (b • a) + (c • a).^^Let us see why* 



First , 
and 



(b Ac) • a = a^ • (b +^c), 



commutative property 



(b + c) = (a 



Therefore, (b + c) ^.a = (a 
'Also, {Si^-r-ry = (b 



Hence, 



(a . cX -= (c 
(b ^ c) . a = (b- 



b) + (a • c), distributive property. 



b) + (a 

a) . 

a)> :f (c 



c). \ 

commutative property 
commutative property. 

a). : 



'This Justifies the multiplication of 12 ^ by 8 *n the f(^rm' 



= 96 + 2 = 98, 



Some'*of you may wish to use a sketch to helg you remember 
that the fiirst factor is distributed over all the numbers belng^ 
added iA'>the second factor. One such sketcht is illustrated here. 
For example,' consider the product 3 • (7 + 9). ,^ 



SketJch: 



7 (3-7) 




= 21 + Z7, = ^8. 



,^4ote that 



••9 



denotes- tjaert , the ^ multiples both the 7 and 



the ^9 and that these, products , are then.adfled. The arrows always 
point to the numbers that are to be add^- Another example 
might be: " ^ ^ ' ' " ♦ ' * 

. 6 . (5 + 8) 
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5 (6 ; 5X 



8 (6.. 8) 



5 30 



30 48 « 78 " or 




78 
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{k + 5) 



= (8 + 10) + (12. + 15) = ^5 



Exercises 2-^ 



Use t'fte sketch method illustrated above to, do ^he indicated 
operations. „ » ^ ^ . • 

a. 5 • (6 + it) ' d. 9. '.'"(13 + 17) ' . , . 

' b. - 3 • (9 + 6)> e: (6 + 4) . (8 +,7S /' 

>c-, 12^. (6 + 7) , • ' • f . (20 +7)'- (10 +>-iy - • ■ 

Show that the fallowing are 'true by doing thetindicated 
^Toperations, Example:' 3 • O +"3) ^ (3 • ^+1 + O'- '^Y- 
\ 3^^ • (ii + 3) = ,3 • 7 = 21 / ; - 

(3 \ M + '(3 

a. ^ ■ (7 + 5) = (''■ • 7),'+ .(5 • 5> 

b. (3 ; 6) + {hf 6) ^'6 ■ f3 + it) ■ " 

c. (8 -,,6) + if - 6) = (8 ■*= 7), -. 6 4- 
■(2 + 3) ='(23 • 2) ^ {23^-.^ 3^') ■ , 
(3 + ^) =■ (11 • 3) {1^^^ '' ' 
5) + ^ • 3) = 6 ' (5.73). 

(16 + I) = (2 * 16) + (;^ • 8). • ; 
(5 ■+^)' = (12 . 5) .+ il2 ■ ^) - ' 
(67 ^-^8) + (67-* 52) =. 67 ; ^^+8 + 52\ 

(72 •: ^) + (^- 72) = 72 -^CL+^f. 



3) -i^ 12 + 9 = 21 



•J. 



23 
11 
(6 



12 



er|c 
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Make each of the following a true statement Illustrating the 
distributive property. * 

3 •• + •> = + (3-.^ 3) ' - ' 

b. 2 - (. + 5) = (2- .' ^) + ( ..S) 

c. 13 • (6 + 4) = (13 • ) + (15 • ) •. ' 

d. ,(2 • 7) + (3 • ) = ( ) • 7 ' ^ 

e. ( .• 4) + ( • i;) = (6 + 7) • ( ). 

Using' the '^distributive property rewrite each of the 
'following.- 

Examples: 1., 5 \ (2 + 3) = (5 • 2) + (5 • 3), 
2. (6 . (6 ^ 3) = 6 . (4 + 3) 



a. (9 • 8) + (9^2) d. (13 + 27) • 6 

b. r- 8 • (14 + 17) , . e. 15 • (6 + 13) 

c. 12 • (5 + 7) ' f. (5 • 12) + (4-v 12) " 

Using the Idea- of the dl'strlbutlve property we tan rewrite^- 
for example: ' . ' ^ 

^l) 10 + 15 as (5 • 2) -hs(5 - 3) oi/ 5 • (2 + 3) 
(2) 15 + 21 as (3 -'s) + (3 • 7) or 3 . (5 + 7) 

Use the distributive property to rewrite the following in 
•a similar way. « - 

*a. 35 + ^0 d. 27 +^51 ^ ' ^ ' ' ^ 

b.^ 12 +15 . e. 100 + 115 " 

.c. 55. f 10 ^ • ' f , 30 + 21 , 

Which 'of the following are true? , - - ■ 

a. 3 + h • 2) = (3 -F 4) . (3 + 2) 

b. 3 • (it - 2) = (3 • - (3 2) ' . ' 

c. ^ (i* t 6) • 2 ^ ijt i 2) + (6^ 2) • 

d. (4 + 6) 2 = (4 - 2) + (6*4 2) 

e. 3 +.(« • 2) =-(3 • + (3 • 2)^ • ■ 



\ 
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2-5* Inverse Operations , - 

^ Subtraction of ten taught quite sep^irately from addition, 

and the same 1^ true for divt&ion and multiplication. One ^im of 

this section is to clarify the relations between these operations. 

Often we do something aad theft w^ undo it . We open the -door, 
we shut the door. We open the window; we close the window. One 
operation is toe inverse of the other\ 

The inverse of putting on your coat is taking off your coat, 
ft 

The Inverse operation of division is multiplicatioji. The inverse 
operation of addition is subtraction. 

Suppose you have $220 in the bank and you add $10 to it. 
Thijn you have $220 + $10 = $230. Now undo this by drawing out 
$10. The amount-that ^emains is ^$230 -^10 ='$220. Tbe athletic 
fund -at your school might have $l800 in the bank and aftej? a game 
have $300 more. Then the fund h^s $l800 + $300 or $2100 in it. 
But the- team needs new uniforms, which cost $500 so $500 , is with- 
drawn to pay for them. The amiount left is $2100 - $300, or $l800 
These operations undo' each other. Subtraction is the inverse of 
addition. 

* * 

Of course,, we could express this idea in more general terms. 

.Let X represent the number of dollars originally in the bank. 



represents t^e number of dollars we now have in th^ bank. How 

shall we undo this operation?- Prom the number of 'dollars 

represented by a , we subtract the number of dollars withdrawrw 

represented by -b^ and we have -the numb^er represented by x . 
We write x = a V dT 

You use the idea- of inverse operation when ydu use addition 

•r 

In checking subtraction. For example: 



203 _ a check: 107 x 

- b ' + 96 ' + b 



You also use the idea of inverse operatig^ when you use 

multiplication to check division. For example : 

'l8 ' ^ • ° 

leySBH ^ — check:. l6 ' 

160 X 18 



/ 



i5H . \^ - J 

' • 128 . ' '.^K 160 ; 

or 288 -J- 16 = 18 ' ' check: 288 18 x 16"; 

Notice that if a and b are whole numbers, and^if- 
a'> b^ then there is a whole number x so that b + x ^| . 
Examples'. If a is 17 and t is 10, then x is the whole 
niimber 7 so that 10 + 7 = 17; if a is ^1 and b is 35, tf^n x 
fs the whole number 6 so that 35 + 6 = ^1.- When a is greater ' 
than b it is always possible to find x so that a = -b + x. 
Can you make the same generalizat'ion if tha , above operation 
b + X = a, is changed to multiplication, b V x = a? , ir you 
substitute 2 for >-b and 3 for a you will^^ that there is no 
whole number that can ^be substitulsed for x vsuch that 
2 • X = 3. If one substitutes, certain numbers — f6r example, if- 
a = ^0 and b = 4--then there is a whole numb^i? that can be 
substitute^ for x such that ^ . = 20^ In this example x 
miist represent 5, since ^ . 5 = 20. We get the 5 by dividing 
20 by 4^ Also: 

If b is 6 and a is 2^ then x must ba ^ since 6 • ^ = 2)( 
If, b is 5 and a is ^0- then x must be 8 since '8 = 
,If b is 3 and ^ is 30 then x must be 10 since 3 • 10 = I3< 

In each exampife the numbed for x is found by dividing the number 
represented by a by the number represented by b. In general, 
if there is' a counting number x tKat can be multiplied bj a 
counting number b to get counting number a , then this number 
X can be lk)und by dividing a by b . We write this as 
b' • x » a. We mu],tiply x by b to obtain a . To undo the 
operation we must perform the inverse operation which means that 
we must divide a by b to obtain 'x: bja - The inverse 
operation of multiplying by -b is dividing by b . 
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Exercises 2-5 

'Select the words or phrases that describe operations that 
have art inverse. -An operation followed its inverse 
returns to the original situ9:tion. 

a. Plcking^^up the pencil. ^Nemepber , , , " not picking up the 
pencil" is not an inverse op^>«^tiQ(i» " Not picking up 
the pencil" does-nbt undo the operation of^icking up 
the pencil . ) ^ ' * * . 



b. Put on your hat". ^ ' ^ 

c". . Getting into a car. 

d. Extend your hapd. 

e. r^ltiply . rT" 

f. Biild. ^ 
. g. anell the rose.^ ^ - 

h. , Step forward, 

"i. Jump from a flying airplane. 

j. Ad^dltton. * ' ' 

k. Cutting off a dog's tail. 

1. Subtraction. 

m. Looking at the stars. , . 

n. ' ^Talking. f 

0. Taking a tire off a car. . ' 

Write the inverse operation to each of those operations 
a^lected in Exercise 1. * 

Perform the indicated operation a4d check by the inverse - 
operation: 



btract in (^) to (f) 
♦ 

a. 89231 e. $8000.02 

42760 . ■ ^6898.98 



b. [ 



6805.06 . • f. $100^0.50 

E297.96 _ I 8697.83 

c . - 803 f-t . g . 29)25^0A 

297 ft. 'jf 

, h. 38 )3750fa 
4. $^+302. 14 

$2889.36 1: 2lW^ 

" . . ' .J. 19)13243 

, • • 48 
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k. One hundred twenty minus eighty-seven. , 

1. The sum-'bf six 'hundred forty-seven and eight hundred 
twenty-nine . ' 

m. The difference between gighty-nVie and .twenty-one^ 
^n. 'Sevenf^'Six plus sixty-seven. 

o.' The product Q.f three hundred six and'one hundred ninety. 

Find,' if possible, a whole number wnich can be used for x 
in each of the following to make it a true sfatement. If 
there is no whole number tnat can be used for x , then say 
there is none* 



a. 


9 + X = 1^^ 


n . 


3 


X = 12 . 


* b. 


x + 9^= 1^ 


- 0 . 


k . 


X = 20 


c. 


X + 1 = 2 


p. 


X = 


20-^ 4 


d.l 


+ X = 11 


^• 


2 . 


X = 18 




• 10 + X = 7 


r 


X = 


18-5-2 




5 + X » «5 


s , 


5 • 


X = 30 


m 

g- 


id = X + 2 


t - 


2 . 


X = 0 


h. 


X = 9 - 5 - 


u. 


X = 


0-4-2 


i. 


X = 11 - 8 


V. 


9 • 


X = 0 


J. 


• 8 + X = 11 


. w . 


X - 


0-^9 


k. 


5 + X = 3 


X . 


3 * 


X = 3 


1. 


X = 13 - 6 


y. 


X = 


3^3 


m. 


3 + X * X + 3 


z . 


11 


• X = 11 



aS^If one bookcase will hold 128 books and another 109 books, 
how many more books does the former hold? 

b. A theatre sold ^789 tigkets one month and 678I tickets 
.the next month. How many more people came to the 
theatre the second month tnan came the first month? 

c. » If one^'building has 9po windows and amother building 8II 

windows, how many more windows does ±he first building 
-contain? - ' "t 

d. The population of a town was 19,891 people. Five years 
later the population was 39*110 people. What was the 
increase of population for the five f'ears?^ 

e. li one truck can carry 2099 boxes^ how ma!ny b oxe s oan 
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79 similar trucks /carry? 

How many ^acksa^ needed to store 208 chairs, if each 
rack nolds I6 chairs? i • , 
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g'.-'At a party there were 288 pieces of candy. If there 

were ^8 children at the parj^y, how many pieces- of candy 
'could each have? 

n. ' A girl scout troop has 29 members.. Each member is to 
sell boxes of cookies. If the troop has 58O boxes to 
sell, how many, boxes will each girl have to sell in 
order to sell all of them? 

2-6. Betweenness and the Number Line . 

A graphical repre^«r(^ation of the. system of counting nxxmoers 
makes it easier to see some of the, strue't\!^e of this system. At 
the same time, it is tne first link in a chain whicn will later 
connect arithme'tic aAd geometry. ' ^ 

- . / 

How wnole niambers are related, may be shown with a picture. 

Select some point on a line a&*below and label it zero (O). 

0 I 2 3'4 5 € 7 8 9 lO^II 
^ » 1 1 • ' ' ' ' :^ = ► 

-* * X 

^ ^ • \ 

Label the first dot to the right. of zero the first counting 

ntimber'*and eacn dot after that to the right th^ succeeding count- 
ing number. This picture ''^s often referred to. as The Number 
Line .**-*fSiy^mole number is smaller than any of the numbers on the 
right side of "it aft4 greater^^l^nan any of the numbers on itg left. 

For example, 3 is less tn«n 5 and greater tnan 2 -^Jhis may be 

written 2 < 3 < 5, since 2 is less than 3 and 3 is less than 5. 
With the nujnoer line we^ carT'^Iso determine how many whole n^imbers 
there are oetween any two whole numoers'. For example, to find 
how many wnole ^numbers there are between 6 and 11 we can look at 
the* picture ahd-count tnen. see four of 'them, 7, 8, 5^ and 10 

Exercises 2-6 

1. How many whole numoers are there between: 

. .-a. 7 and 25 - e. 25 and 25 

b. 3* and 25 f. 28 and 25 ' 

* ' c. 20 and 25 g. 26 and 25 

d. 17 and 25 ^ h. . 11^ and 25^ 



i. If a and b are whole n\xmbers, and a > b, is the 
p ^ r>jimber of whole numbers b^ween a and b : 

(1) b - a ^ ? (3) a -"(b + 1) ? 

(2) (a - 1) + b ? (a - b)<4- 1. ? 

2. What is the whole number 'midway between; 

a. 7 and 13 ' e. ' 17 ^and 19 

b. 9 and 13 ' S> 17 and 27 
c- 20 and 28 * , g. 12 and 20 . 
d. >() and 50 h. 12 and 6 

3. Whiclf of the f (flowing pairs of whole numbers have a whole 
number midway between them? 

^ a. 6, 8 h. 19, 36 ' '\ 

^ • b. 6, 10 ' f i. a^ b if a and b are feven 

c. 8, l8 ' whole numbers 

d. 8, 13 . , j. a, b if a and b are odd 

e. . 7, 12 whole numbers 

f. 26, 33 . - k. a, b if a is odd and b 

g. 9,^17 is even 

4/ The whole numbers a, b and c are so located on The Number 
* Line that b is between a and c, and c > b. 

a. Is c > a? Explain with a number line. 

b. Is b > a? Explain with a number line., ^ ^ - 

c. Is b < c? Explain witli words,. 

5. The whole n\imbers^a, b, c and d|are so located on The 
Number Line that , b between a and c and a is 
between b and d. What relation^ if any, ±s there among 



b, c, and d? j 

\ 

>-7; The Num^r One . 

jiil nurnlSe 



The number one is a speci$l numoer in several ways.. One Is 
the smallest of oiir counting numbers. We may build any number, 
no matter how lar^e, by beginning with 1 and adding I's until we 
Yi^^m reached the desired number. For example, to obtain trie ^ 
number five, we can begin "With our speeial number 1 and repeat 
thet addition of 1. 1 + 1 = 2; 2 + 1 « 3, 3 + 1 = 4, ^ + I. = 5- 
There is no largest counting nunwer. ^ 
O 01 
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Also, It will be observed that for any of the -count'lng 
numbers (1> 2, 3, ^».) which we may select, we get the-jiext 
larger counting number by adding 1. This may seem 5i)b^lous to you* 
because you have used the numbers so many times. IJn some of *tjie 
^ fundamental operations we do not get tiie next counting niomber by 
operations using only the number 1; e.g,, 3-1=3, 3-1=2. 
In one case we do nc^t even get a counting number.' Observe __what 
happens when we use t;he operation of subtraction: 1 - 1 = p. 
• Zero is not a counting niimber. 

In multiplication if we wtsh to obttiin a different numeral 

for a number, we cax\ multiply^ by> a ^s^i^^cted' f ofm of the special 

number 1. In thi«s- w^y we may .get a different vfj^^ral, but it 

represents the same numbeV. You may recall th^ in rewriting ^ 

as- £ , you were simply multiplying ^ by -5- . Of course, -5 is our 

^ *13 3 ^ ^ 

special number' 1. Multiply by and get ; multiply 

i by -I and get . These ^re examples of multiplying by the 
niimber 1 in selected forms 1^ , amd . This means that the new 
' ^'fractions are different in form from the original ones but they 
- still represent the same number. The special number one when 
•^u^eai as a multiplier makes the product identical with the multi- 
plicand. Because the product of any counting number and one is 
~~ — the original c o unting number, tho number I-J ^^„called the 
"identity element" for multiplication. 

, since division is the inverse operation of ^multiplication, 
' is the number one also special in division? What happens if we ' 
^ — — (11 Viae Aiiy LOUA ' ifeing- number by one? We do obtain -the same count- 
. \^ ing number. But if we divide '^/pY a count ir^ niimbfer we do not 

get" the counting number.- For this reason we cannot say that the 
-number one is the identity element for division. A counting 
number multiplied by 1 is the same number as 1 multiplied by the 
counting number but the same thing cajinot be said for division. 
If we let C represent any counting._^imber we can express these 
• ^ multiplication and division operations using the number 1 in .the 
following ways. 

C . 1 = 1 ^ C; ' 
• »■ • C 1 = C; , ^ * - 

l-fC/CifC^l. 
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2 3 
- * We hlstve learned to use 10 to mean 10 • *10; 10 to mean 

10 • 10 • 10;- 10^ to mean'lO . 10 - 10 • 10- • 10 • 10. The "2/' 

,"3," "6" are called exponents. The exponents are small, but the 

^ 2 ' 2 6 " 

numbers represented by 10 , 10 and 10-^ are very large'. If we 

•2 

use. 1 in place of 10 this is not true. For^ 1 =1*1; 

l.-l . 1 • A; '1 =)1 • 1 • 1 • 1 • 1 • 1 and these are still the 

number 1.^ 'in fact 1^ or 1^^^ or 1^^^^ is still 1. ^ 

2 200 . * A ^ 

When we say 1^ or 1 is really only 1, we are Just giving 

different names tq the' same thing. ^ It is^true that the number 
represented by each of these expressions is 1. Can you think of 
dtlier such combinations of symbols which represent 1? What 
number is reprfese'ffted'by 5 - ^? X - IX? ^' ^ 

Our discussion of the* number, one may be sfUmmarized briefly 
in the matheitotical sentences below. Can you translate them into 
words? '^e letter 'C here represents any counting number. 

a. C = 1 or (1 + l) or (1 + 1 + iX oS . . . etc. 

b. 1 • C = C ^ - ^ ' ' 

c. C - 1 = C 
~d. C ^ C 1 
' e< 1 - 1 



Exercises 2-7 

gjrom the following symbols, select tj^iose that represent ^tTie 
number 1: * • ^ • 

1+0 i. 1 m. + 

1-2 J. 1 • 0 n. 1 • 1,00 

6 , 200 ^ ' 8 - 1 

? ^' 200 ^ °" 12 - 5 

i • ■ 1. p. 

Copy and fill in the blanks: 

2 



a. 


I 




e . 




4 






b. 


T 




f 


c . 


5 - 


4 




d. 


Ji - 


0 


h. 



a. 100 • .1 = - d. 1 • "I • 1 = 

b. 10 • 1 • 1 • 1 = e . 0 J l" = 

.c. ^ = f . 1.0 = J 
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3. Cari you get any. counting number by the repeated addition or 
subtraction of 1-to or from any other counting 'number? 
Give an example to support your concl-usion, 

■ «the above process can you. get a number that i&.not a 
'Count ing numuer? " Give an example to support your conclusion 

5. Robert^aid, "The counting numbers are not closed undeij^the 
subtraction of ones but they are closed' under the addition 
of ones"^ Show by an example What Robert 'meant . 

6, Perform the indicated operations: • 
^ a. - 3) )B7642$ e. 3479 • 1^^^^ 

'b. l)97653B f. 97 • x^ (if x is^l)' 

c. 897638 . (5 - 4) ,g. ' l^" . (489 - 489) ' ^; 

d. 896758 • ^ h. I • 1^^ 1^ 



2-8. Tne Number Zero, 



Arithmetic operations involving the numbe^r zero are a 
frequent source oT confusion, even for many adults. The object 
of this section is to clarify this situation. . 

Another special number is zero. Occasionally you will 'hear- 
it called by other'-names, ^such as "naught." Wh6n you answer a 
telephone a voice may^ay, "is this 'one eight 0*1 three'?" Of 
course, tne caller is not, referring to the letter "0," and'all 
of us understand that he means "one eight zero three," 

Although^ zero is not included in the counting numbers, it 
i3 coSsidrere^^- as one of the whole mrmtrers . Mpst of * the time we 
use' it accirking to'Vules of the -count irjg, numbers, and "in a sense 
dt is used to count. If you wrthdf^w-all your money from the 
b^nk, you can express your bank^^^ance with this special number 
zero. If you have answered no^questions correctly, your test 
•^ore may be zero. If tnere are no chalkboard^erasers in the ^ 
classroom, the nunjoer pf^erasers may be expressed by; zero, .In * 
all these cases, no money in the bank, no correctly answered,^.^ > 
questlons'and no erasers, the zero"ind4cated that' there are/nb^ 
object's or elements in. the set of objects being discussed. If 
there are n6 elements in the set^ wieT call it an empty set* . 



:/ -' y'^ . • \ * ' i * ' /. 

The numher z^evX) is t4^€^\numbe^ - elements/ih til? empty set'. 
;.In. this^Aense, some" -per sor|^ say that zero means not any. ^ 
r OtheiTB say-it .meah*$ "nothing" because there/is nothing in th? . 
set, .Asi shall see, thSse are^ lather confused and limited . 
concepts J?f*?e?o/ J ' . ^ ' * * i 

^ On a» very* col(^' morning Paul was asked the tem{)erature\ . 

/ V - . - M 11 • 

• After looking at tl^ themnometer he repl^-ed, zero. Did he . 
^ mean there was '**not any"? Did he mean "nothing"? ^o,^he' meant 



tne top of the mercur^.^^ sit a ^peSific point on the scale 
calle^d zero^. * Fred''had/aa Altimeter in his car so he could check ' 

^^thB altitU(Je as the^^rove £n t-He JfcV^!^ountaina,. On one 
ifeaation" trip they di^SV'e to the S^^HB^a. On irke way. dofm . 

.-r-i?re(a exciaimedy—^'Lopk', the aitit\<de'ls zerp!" When the altimete|^ 
Indicates zero/ it does-not mean there is "nothing," it means vie 

^ at a specific altitude wnich is cal]4Pk zero. It is J^st as / 

• gpec±fiQ and real-a^ an altltud^ of ^999 feet. [^^ 

LI We notdced .ttiat the sum 6f a counting numW^%^nd one is 
.^Rways the^^itfc^ larger, counting numttec. The sum^^ a counting 
number and, zero is always the ot*igin'3il- counting riumber.' For ' 
Wample, ^^3+ 0*^ = ^ We might expr.es s tiiis fact In syrjjbols 
/'C -h jD = C Where ^ is *any couhting number. Or -w^imi^t express 
•the fact by .saying -that zero is the ^"identity element'" for 
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iSH^ The difference between- t'he saime two naturkl nuinbera 'is 'the 
:ial number zero.; Fpv eX^mple/4 ^ ' Did you notice 

.tllWALn' this subtractior^ operation^*you-4Bcr^8t get a counting • 
nujnbeq^.-To put the -id^a in more elegant language^ vie would aay ' 
that .jet of countirig^numbars is not. closed under subtraction. 

Let us\iqok at 4; He special ^umbel? zero under the operation 
mult'iplVca:^on.* What could.^3 0 mean?^ We mijght think tif the 
(ibe^ of*^ chaips^ in 3 rooms if each room contains zero chairs. 
Thus, any nunrber of r*ooms containing zerb cKairs woulfd have a 
' tetal of "Zero chairs. /We" might , express this idea in sjonbbls by 
^ writing Q -0 = 0, where . C . is^^ coi^ting number. 
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The product 0 • 3 is even more difficult to explain.* - But 'we 
do know'by tM commutative property for mujLtiplication tjhat ^ ^' 
3/- D «*0 • 3. We .have seen that ^ - 0=0. Therefore, We must » 
_have 0 • 3 = 0 a^ we wish %Jie commutative property for jnult-ipli- i 
cation to^be true for^aU whole numbers. If a represents ^y 
whole number, ^we may e^fess this by wri'||ing ^ • 0 = O'- a-=^.. 
If a is zero we must have 0-0=0." . ' 

There is a very important^ principle^ expresiBed in the abo^ J_^^ 
. symbols, but J.t irfay not be' seen at the fir^st glance. Did^you^^' 
^ obse;r!ve that if #he product of two or more whole numpers is zero, ^ 

then" one of the hiimbers must be zero? ' For^example,. ^ • 5 ' 0\ 
Jkn mathematics yjDu will use this fact frequently. 

let us if zero follows the rule§ for division of count- 
ing n^bers. - • * _ ' a* , - ^ * ' * 

What e-ould ,?ert3L divided by 3 mean?-^If we' have^^a'^roofn With - * 
^zerq chairs and divide tne room into tm'ee parts, it could jnean 

the number of chairs in each^art of the room. With this meaning, . . 

> 0 . . ■ - ' ' ' * • 

0^3 should be 0, If -370 then 0 x S -should be zero, by ^he 

: inverse operatJ.oia. Does this .agree with the defihition of , ^ 

multiplication by z^ro? ^ • 



Occasionally stud^t^f org'et that the divi'&ion of zero by a 
i£ 



counting number is always zero and nev?r a counting number* 'For 



'example, oS =5 0, y / 7'. * * ' 

*^ - . - ' ' 

If = 0, -what is i'? is OjT a counting number?" Let us 

f U' 

, «i assume tl:j^t ojj is equal to some number repgr^esented by N 
' This means th'at 7 is equal to zfero times some nuptWf^.' 
• * J|^i7 « flgk^N). i-The "product of any number by zero/ip zero; th^re- 
^^ore, there is no number N ''that wiil equ'al oJtk In ..more 
ele^;an^ language, we may say that is' no.t the name of a^ny , 
^^^pFitiWg number ||pzero. TheJ^efore, we cannot peyrorm this 
•vbpefitt-ionT;^ We cannot "divide a counting number by zero. 

1^ ' ^l^jJould we divide zero by zero?* In symbols the question is; 

»»^''» Or Oj^ IJ^ Oj(5 equals some number n 'then by our 

'definition of multiplication, ' 0 x n = 0. -What' number^ could 

■Er|c. ' . " ■ '.• [sec. 2-8] ■ *■ ; : ■ 
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replaoe n ? Could n be 3? Of course,, n could be any 
count ing<*iumben or zero. Siace ojo" could be Stny whole number-, 
the symbol ^ has tpo many tneanings. Therefore, we should 
rei^ember thsit we cannot divide either! a Qounting number or zero 
^ by zero. ... 

. ^ , Mary summarized tjie operations with the special number zero 
.In tliese symbols. State them ia worde 4f u and w represent 
vriiOle numbers and C * represents any counting number. 



a* 


w + 0" 




w 






b. 


0 + w 




w _ 






c . 


w -^0 




w 




d. 


0 w 




b 






e . 


w • 0 




0 






. 


If 




w = Q, 


then 


either u or w 










zerp 


or both ahe zero . 




0 ^ c 




0 - • . 







• h. • C ^ 0 has no meaning. 

Exefci'sgs 2-8 
!♦ Select the* symbols thaft represent zero: 



4 

0. 

e. . 5 r 4. 

f. 7-7 

h. 0 -f 0 

100 - 100 



k. 0 •. 4 
4 - 0 
m. 0-0 





n. 


0 

10 






0. 


4 
2 


4 


0 


P- 


■4 

.2 - 






q- 


1 


1 

^' 




r . 


' 14 


'25 " * 




• s. 


12 ■ 


6 




t. 


0 + 


1^ 


4 


u.' 


2 • 


-(4\ 6 + 0) 


• 


V. 
« 

^ w. 


. (2 • 

4 

¥ ■ 


4) +-0 




X. 


36 . 
9 


36 ^ 



r 
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2. Perform the indicated operations, il^ossib'le: 

• /a. 376 • 49 

b. 678 • 9^6 

c. 8984 -t- 62 

d. 9^^84 + 62 
' e^. 87 X $.419.98 

f. 69 X $876.49 

g. $989'. 26(2 ^ 





$397.16 + (4 -»3) 


n. 


$897 ; 40 - (3^3) . 


p. 


.(480 24)^+ 20 ■ 


, P- 


.$1846 -H (i +-|) 




'^pT . 97 K X 0 


r* 


4Q • 0 • 47 . 97 


S • 


$9f .86 X 0 X 0 


• P: 


(9 - 91 • .m 


u. 


.976. .1^ ■ 




1^2 X $97.^6 ' 



fi. 1 X 1846.25 

1. 5 X $14.13 

J. 679 • 

*k. 379(1^6.8 - 145.8). ^ 

1. (34.6 - 33.6) X 897 

3. Can^'you find an error in ar^ of the following stfeteraents^? 

a and b are whole ntunbe^s. \' > 

a. 4 • 0 = 0 e. If a* • b = 0, a or B » 0 

ft. 0 • ^ » 0 • • f . . If a • b = X, a or b 1 

c. 2 • 1 - -2 ' g. If a • b ^ 2, a or • b* » 2 

d. 1 • 2 « 2 ^ h. Jf Ja • b « 3, ■ tf' or b = 3 
, ' * ' \ 1. ..If a .^^b * C, a or b » C 

2-9y Summary > ^ • 

4. 'Rie Be* of niimerals (1, 2, 3, 4, 5^ ' 
symbols for the coxinting n\iinbers\ 

-2: The set of numerals {0, 1, 2,-3, 4, 5, ./.>. is the set of . 
symbols f the whole numbers . 

3. .^"riie commutative property for addition:, a -f b « b + a, 
\^ere a and b Apresent any whole num)Ders. 

The commutative property for multiplication: a • b « b #a 
. where a - and b; represent etny who}.e number's. 



9^- , tsec. 2-9] 
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5. ^ The associative property for addition: ^ 

a + (b + c) = (a* + b) + c where a, b, c srepresent any 
whole numbers. ' / 

*6, Hie a88o"^ciative property for multiplication: 

a • (b • ^c) = (a' • • c where a,\ b, c represent any 
whole niambers. i . , 



r 



• 7. Th^ distributive property: a> (b ^f^'c)' ,= (a • b) + (a • cj 

4 .and , (b + c) ' a T= (b • a) (c • a)^ ^ 

^ -where a, b, c are any whole niinSe^s, 

8. New symbols: [set of elements);^ > is greater 'than> \ 
< *is les^ tJialn"; / is not eqxoal to. ' * 

9. Set and closure. A set is closed under an operation if the 
^ ccMUbination oT any two elehients of the set gives an eiement 

of t?he set. The set of- counting numbers, is closed under, 
* additJ.on and multiplication but hot under division or ^ ^ 

subtraction. ' - t 

■ / ■.' . - * ■ ' 

10. Inverse oj||rationl3 . Stibtractiqn is the inverse of addition, 
• but Subtraction is not always possibl'^'ln the set. of whole 
y numbers. Division is^th^ inverse "of muJLtiplicStTVW but - 

' division is-not (^^ways/pos^ible 'in the^set of whole numbers; 
tl\at is, 44.vision ofy-Jne whole number by another whole 



number does^^t ajita^ys yield a -whole number. 

11. The number line and be1;weenness . Each whole number is 
associated with a ^^int on the number line.- There is no,t 
always a whol^QWiber between two whole numbers. 

12. 'Special numbers; 0 and 1 . Zero. is the identity for 

addition; 1 is the identity for multiplication; multipli- 
cation- by 0 does not have sm inverse J division by 0 is not 
possible. ' . " 



c • 













# , ^* 










1 ' (a) 


'l3 

seven 




21; 

seven 




se ven 




XXX x^ 




V Y Y y 
Jfc-^A ^y 




X?X X x\ 
XXX J 




XXX 


\ ^ ( 


X » X X/ 




NSWERS--CHXPTBR 1 




X x^ 

X X 



X X X X X X 

X X^^^C^ X X X x' 

X X x\x^x X 

X X X X X X X 

xr^'x X X X X X 

X X X X X X X 

X X X X X X X 



(a. 

(c 
(d 

(a 
(c 



(a 



(b 

(a 

(4 



(3 X seven) -f (3 x one) = 2^ 
X seven) + (5 x one) =^3 
(1 X seven x seven) =49 ^ . 

(3 X seven x seven) + (2 x seven) + (4 x one) ='263 

10 ' (d) 163 ■ 



seven 



11 



sBven 



55 

seven 
360 

^ seven 

56 , 
seven 

605 
-^seven 

6050, 

h 



'Seven 

(^) ^^^Seven 

, (f) »1010 ' 
^ ' * seven 

The 6 means 6 sevens 

The' 6 meaps 6^ones 



sevea 



The 6 means 6(seven x seven) *s or'' 
6( forty-nine) ♦ s 

Tne 6 means- 6( seven x seven x seven) 's 
or ^(three hundred forty-three) * & 
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seven or seven 'to the fourth power 



.55 





0 

The product of -9 sevens or 




♦8. 


132 ^ 
seven 




9. 


452 

seven 




10* 






"li'. 


Neither. They are equal./ 




12. 


They^use seven symbols and 


seem to have a place value 



system with base seven. They appear to use I > / 



, for i, 2, 3, 4, 5, -6 and - for 



zero. // follows /| . ^ 

' 7 • " ■ 

Exercises l-4a . . . 

• , 1. (a) 11 . (b) 17 V 

3. (a)" Xes ^ • ^ 

(b) By reading^each result from the table and noting 
results. ' * 

(c) CJhart is symiA^tric >rith respect to the diagonal. 

(d) ' 55 different co^^binat^ns; Just a b"i^ over half 
>^ * the total number of combinations, # 

5; Ca) 28 different corabin- 
nations. Fewer than 
49 because of the 4 
commutative lanpof 
addition. 

(b^ln base seven ber 
cause thenfe are 
fewer. ' 

(c) They^ are equal 

since -9 = 12^ 

seven , 





r\ 
J 


1 


2 ' 








6 


p 


5" 


1 


d 






5 


^ 6 


1 




2 




u 


5 


6 


10 


2 


2 


3 


li^ 


5 




'10 


ai 


3 


3 


k 


5' 


6 


10 


11 


12 




k 


$ ■ 


6 


10 


11 


12 


13 


5 


5 . 


6 


10' 


11 


.12 


13' 


l4 


6 


6 


10 


11 


12 


13 


lU 


15 



Exercises l-4b . 

1 . (a ) 56„ 

^ ' seven 

» (19 + 22 = 41), 

^ ' seven 
. ■ • (41 + IS = 56) 



(c) 300 • 

• ^ ' seven 

(109 + 38 •= H7) 

(d) 620 

' seven 

(91 + 217 - 308) 
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(e) 241 
^ ' sevea 

(33 + 94 = 127) 

(f ) . 1266„ , 

^ ' seven 

(1?9 + 290 =,489) 

(g) 1553 

V6/ -'-'-'seven 

(327 + .299 = 626) - 

(h) 14562 y 
^ ' seven 

(2189 .+ 1873 = 4062 ) 



(iV 6441 

V r seven 

(2160 + 123 ="2283) 

(J) ^^'^Vvft ' 

(327 + 34^ = 669) 

(^') ^'*'6543,ven ' ^ 
(1917 + 2189 = 41061 



^seven 
'(a) 2 

^ ' seven » 
(7-5^2) 

(b) 36 

^ ' seven 

' (47 -20-27) 



'(b) 4 



(c) 4 • 
^ ' Seven 



(c) 163. 



seven 
"(98 - 4 - 94) 
15l3^^^„ ' . 

(91 - 6 - 85) 
(e) 6 



seven 

(247 - l46 - 101) ■ 
'^O^seven. 

(1715 - 1513 - 202) 
5523^ / 

(319 - il - 282) 
(J) 36„ 



seven 
(32. - 26 = 6) 



(f) 906 



seven 
(74' - 47 - 27) 

(12& - 781 - 480) 

(323.- 72 « 251) ^^seven 

* Ci36 - 97 - 39) 



seven 



(a) 



V jc X xf x 



(b^yx X X \ ^ X 
\X^ X ^^jc 



X X 
X X 




i 



A 


< 

Multiplication, Base Ten 


■ ^ 
57 ' 


. r 


X 


0 


1 


2 


3 


4 


5 


6 


7 


8- 


3 


• 


o" 




0 


0 


•0 


0 


0 


CJ 


0 


0 


0 


1 


' 0 




2 


3 


4 


5 


6 


7 


8 


' 9 


2 


0 


■ 2 




6 


i 


10 


12 


14 


l6 


18 


3 


0 


3 


6 






15 


18 


21 


24 


27 




0 


4 


8' 


12 




20 


24 


28 


•32 . 


36 






. 5 


10 


-15 


'20 




30 


35" 


40 






6 


0 


6- 


12 


18 


24 


30' 




42 


48 


54 


7 


0 


'7 


14 


21 


28^' 


35 


42 




56 


-^63- 




0 


8 


i6 


24 - 


32 


40 


48 


56 




72 


9 


0 


' 9 


' i8 


27 


36 


^+5 




63 


72' 




Exercises ' # • * 

1. Study of this table should emphasize the following'; 

(a) The product of 0 and any number is zero. 

i\>) The produc^ of > and^any number is the number 

itself! ' — 

2. The order in mtiltiplication does not affect^the product/ 
This is indicaubed by the fact that the p^irts of the . 

table on opposite sides of tne (jLiagoiial line are alike. 

Multjfplication, Base *Seven . , * 


t 
• 

V _ 


X 


0 


1 


2 


3 


4 




6 




0 


0 


0 


0 


0 


0 


0 


' 0 


1 


0 , 


1 


2 


3 


4 


5 , 


6 


2 


0 


2 ' 


4 


6 


11 


13 


15 


3 • 


0 • 


3 


6 


12 


15 


21 


24 


4 

• 


0 


k 


11 


15 


22 


26 


33 » 




5 


0 


5 


13 


21 


26 


34 


42 


6 


0 


6 


15 


24 


33 


42 


5'1 


*• 

o • 63 
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Study of this table Is valuable for the ad^ltlona^s,^ 
Insight It affords into the understanding of multipli- 
cation. There Is no yalue in memorising it. -The table 
may; be used to emphaa^e that diviaion is the inverse 
of multiplication. ♦ ' 



Bxercises l-4d. 



1. (a)"' 


"45 
-^seven 




222 

seven 


(c) 




(d) 


3325 

-'seven 


(e) 


seven 


(f) 




(g) 




(h) 


5,511,4263^^e„ 


(1) 




. (J) 




2. .(a) 


5 

-^seven 


(b)' 


^^seven 


•(c) 


'^^Iseven *"h a remainder of 2^^^^i 


(a) 


^^S'seven ""^ a remainder Qf 12^^^^^. 




» * 



Exercises 1-^ . 

^- ^ten7 ^(^ X seven^) + (o x seven) + (l x one) 

* « seven 

(^) ^^5^en * x seven^) + (6 x Steven) + (5 x one) 
« 265 

-^seven . . 

ten ■ (2 X seven'') + (6 x seven^) 

+ (6 X seven) + (2 ^i: one) » 2662. 



(b) 1024 

(a) : 15 



seven 



seven 



(df 104 



seven 



jb) 51 
(c) 62 



seven 



seven 
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fixerclses 1-6 , 

( xlT^ (x^^^^f^^x^ ^^^^ ^ 
(aY groups of titiree and 1^ left ov«r. 



2. 



(to) 
(c) 
(d) 
(a) 



No^ 



OnJ^y the digits "0*', 



0", "1", and "2" are used 



in the base three system. "5" Is not one of these, 
(i^group of tlwe^) + 1 groups of three) 
+ (1^ left over),. \ ^ 



^^ten ' ^^Hhree- 




5? 


S? 




•(c) 




X 


X 


* 


X 


X 


X 












fx 


xN 






I ^ 


X 


F * \ 




\x 




'x 













11 



ten 



3.. 


Bftse 


Ten 


.0 


1 


2 


3 


4 




6 


7 


8 




10 




Base 


Five 


0 


1 


2 


3 


- \' 




11 


12 


13 




20 



9^8e 


Ten 


11 


12 


13 


14 , 


15 


16 


17 


18 




?Q 


Base 


Five 


SI 


22 


23 


24 


,30 


31 


32 


33 




^0 



Base Ten 


21 


22 


22_ 


24 


2^ 


26 


27 


2? 




. 30 


Base Five 


hi 


42' 


^3 


•44 


100 


101 


102 


103 


loh 


110 



4. 
5. 



two 



(d) two 



(a) two (b) two , (c) 

y 

(a) (2 X 36) + (4 X 6) + (5 X 1) - 101 

(b) (4 x 25) + (1 X 5) + (-2 X :!,)•- 107 . 

^(c) Cl x'27) + (0 XV 9) + (0 X 3) + (2 X I) - ^9 

(d) (1 X 64) + (0 X 16) + (2 X 4) + (1 X 1) m 73 

' 2 ' 1" 

Other- answers are acceptabl-e, I.e., (2x6) + (4.;^ 6 ) 

+'(5X1). 





Base Ten* 


Base Six 


Baae Pl-ve 


Base Four 


Base Three 


(a) 


• . 11 


15 


21 


23 


102 


(b) 


15 


•23 


30 


33 


120 


(c) 


2.8 


44 


103 


130 


1001 


(d) 


36 . 


ICQ • 


121 


. ^10 


. 1100 ■ 
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Exercises 1-7 . 
1. 



Base ' ten 


0 


1 


2 




-X- 




6 


7 


8 


9' 


10 


Base two 


0 


1 


10 


11 


100 , 


1^101 


110 


111 


1000 


1001 


1010 



11 


12 


^3 


14 


1? 


16 


17 


18 


IQ 


20 


1011 


HOC 


1101 


1110 


1111 


10000 


10001 


10010 


10011 


10100 





21 


22 


23 


24 


2^ 


26 


27 . 


28 


29 




^K31 


10110 


10111. 


llOOO- 


11001 


11010 


11011 


11100 


11101 



30 


31 


32 


33 


imp 


11111, 


100000 . 


100001 



Addition, Base two 



+ 


0 


1 


0 


0 


1 


'1 


1 


10 



There are only four 
addition "facts." 



Multiplication, Base Two 



There are only four multi- 
plication "facts." The two 
tables are not alike, except 
that 0+0 and 0x0 both 
equ^l 0. 



The binary system is very simple because there are only 
four addition and fo\ir rnultipllcation "facts" to 
'renfeTTTDer . Computation is -simple. Writing large numbers 
however, is tedious. 

(a) lll^^^Q = (1 X tv/o^) +'Cl X two)' + (1 X one) = 7 * 

(b) iOOO^^^ f^lx two^) + (0 X two^) + (0 X two) 
+ (0 X one) = (1 X 2^). = 8 



'(c) loaol 



two 



(1 X tv;o^) -h (0 X two^) f (1 X two^) 
+ (0 X two) r (1 X one) 
. • = (J.x 2^) + (1 X 2^)\+ (1 X 1) = 21 

(d) 11000^^^ = (1 X two^) + il X two^) + (0 >^ two^)' 



+ (0 'X two) + (0 X one) 
(1 X 2^) + (1 X 2^) = 24 
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(«) 10100 



two 



(1 X two^) + (0 X two^) + (1-x tWO^)' 
+ (0 X two) +.(0 X one) 
(i X 2^*) + (1 X 2^)'- 20* 



5. 


(a) 


l^Hwo 


(c) 


ll°°°°two 




(b). 


lO^Hwo 

< 


• ' (d) 


ll°ll°two 


6. 


'fa) . 


'l°two 


(c) 


l^Hwo • 




(b) 


^Hwo 


(d) 




7. 


(a) 


lOO^^Hwo. 


(c) 


ll°°two 




(b) 


lOOOOOOOtwo 


' 


/•°°\°°two 



Answers— -Chapter 2 



Exercises 2- 2a. 



1, Parts a, c, f, h, 1, m are true 

r 

Parts b,'e, g, J, k, '-^i are' false 



2. 


(a) 


644 (b) 110,596 


(c) 


155,752 (d) 105,,^,„ 


3. 


(a) 


7 + 4 i= 4 +__? 


(f) 


(3 . 2) •+ 5 = 5 + (3 • 




(b) 


12 • 5 > 5 • 11 


(g) 


8 - 3 •< 9 - 3 




(c) 


23 • 12 < f2' • 32 


(h) 


86 ' 135y»<C35"^6 




(d) 


3 < 6 ' . 


(1) 


24 -r 3/^3 ^ 24 \^ 




(e) 


16^ 9 > 3 


CJ) 


a > c/ \ 




(a) 


2052 (b) 25,620 


(c) 


.289.484 (d) 113'5,,^3„ 


5. 


fa) 


5 


(e) 


•46 




(b) 


5 


(f) - 


Q, 1, 2,_ 3, ^, • 




(c) 


0 . > 


(g) 


0, 1, 2, 3, 4_ 




td) 


•0,- 1 


.(h) 


any whole number ^ 



Exercises 2^- 2b . . - • 

1. Result Is unchanged In parts a, b, c. 
Result is changed in parts d,^ e, fi gi h, 1.. 

2. No. . • ^ ^ ' . ' 
,3.* The activities are commutative Insparts a, c. e. 
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62 

• • • . 

Yes. * " ' ^ * . ' ^ 

•5.^* The operation in part d is commutative,. (The' 

Qperations- in parts a, h, c are commutative only if 
^ the first number in each is equal to the second.) 

6. Examples of commuptat ive activities. 

" ^ To wash your face and wash your hair. 

To go north one block and then west one block. 
TO: count'- to 100 and write the alphabet. 

Examples of activities which aj?e not commutetive. 

To put out the cat and go to bed. 
TP eat dinner and- get up from the table. 
' ' ' To rake the leaves and 'burn them. 



Exercise^ - 2-3 . 

Tr (a) '(4 + 7) + 2 = 4 + (7 + 2) Associative property 
(W7) .2 = n.2_=l3 ^<^<^itlon ^ 

. '1+ + (7 + 2) = ■ + 9 = 13 

(b) 8 + (6 + 3) ='(8+6) +3 Associative property 
•8 + (6+ 3) = 8 + 9 =17 °' ■ ^ 
. (8 + 6) + 3 = 1^ + 3 = 17 

(c) 1+6 +.(73 + 98) = (^6 + 73) + 98 Associative 
46+ (73' +98) =^6 + 171 = 217 ' .-Sftlor', / 
(46 + 73) + 98 = il9 + 98 = 217 

(d) '(6 • 5) • 9 = 6 • (5 • 9) ' Aesociatlij/e property 
(6.. 5) • 9= 30 9 = 270 of ^ultiflication 

6 • '(5 • 9) = 6 -JJ^" 270 



'(e) (21 + 5) + 4 = 21 + C5 + 4^^ssoGiative pi'operty. 
([21^+ 5) 4: ^ ='26 + 4 = 30 of addition 
^1 + (5 + 4) = 21 + 9 = 30 ^ ■ * 

ff) (9 • 7) • 8 = 9 • (7 • B) Associative property 



(9- . 7) . 8 = ,63 • 8 =* 504 



of multiplication 



9 . (7 . 8) = 9 • 56 = '., r 



i3 



(g);- '^36 + '(476 + ij- (436 + 476) '+ 1. .Assocmi've 
.436 + (476 + i)- it36 +-477 = ,91<3 ' Kdlt^'°^ 
(436 + 476) +, !• =* ^12 + 1 = 913 •' • . 

fh) -(57' *8o.) •, 75 =^57/-° (80 ••75i AssdciatlW 

C57 • 8«) . 75 = (4560). 75 = 342,000 Sriplioat'lorf' 
* 57 • (80 • 75) = 57 --.eoOO = 342,000- 



(a) ^'No.,^ • , ; 

(b) 'no, 

{c) There ife no associative" pr>op^ty^"of^subtractldh, 

' or the' associatj,ve property of subtraction does * 

' 'not hold. - /■ * , / • . I 

- / ' . 

■ (a) No, ^ (e) ^ '-^ (20 - 2) = 8' 

' (f)/Ho - 20) ^ 2 = 2 

■ (c) f7^5 I5) 5 = 1|, ^(-^ The-associati^e property , 
'(d-) 75 4- (15 -;*'5) 25 • does not* hold for division. 



ERIC 




it 



(•) 




xr 




(f) 



(a) .4-12 =• 48 ^ 

28 + 2g - 'tS' 

(b) 18 + 24 ■=A42 
6 '• 7 = ^2 

(c) 48+42-90 
•15 • 6 =»90 

id) 23 • 5 =115 
46 + 69'= '115 



(e) • 11 • 7 = 77 
33 + 44 - 77 

3. Ca? 3 • U + 3) =-(3 
. (b) 2 . (4 +-5)'= (2 



V 





^.^.2 = {HA + 42) + (3^ ■N28) 
8>r32 +'60 

. = 150 

7^2& 



10 -,200 




,= (200 + 80) + (70 ? 
10^ 70 ^ 280 + 98 

' ■ ^ F 378- ' 



(f y 30 + 18 = 48 
, 6 • 8-?=-'48 - ' 

'(g) ' 2 • 24 = 48 -r 
• 32 + 1*'= '48, 

(h) 1-2 • 5 ^ = 63 
6o + 3 » '63 « • 

(1) 3216 +-3484 = 6700 • • 
67' • .100 = 6700 < 

(J) 36 + 36 = 72 
- 72 • 1 72 



4) + (3 . 3) 
4) + (2 • 5) 



(c) . 13 •• (6 + 4) » (13 • 6) + (13 Ji) 

(d) (2 . 7) + (3 V ?) - (2 +.3) • 7 
(^) (^ • ^):+ (1 • ^) - (6 + T) • 4 



4 ^ 



14 



5. 



K (a)^ 9,- 

(b) " (g 

,/^(c). (1-2 

(a) '(5 

(b) . (3 

(c) (5 
(d) 
(e) 
(f) 



(3 
(5 
(3 



(8 + 2) • : (4) (13;,.- 6) + (2? 

14) + (8-". 17) (e) U5 • 6^) + (15 
. 5) + (12 • 7). (r) 12 .-'(5 + ^) 

7) + (5..^- 8) = 5, ''.(T 4*^) ' 

^) + (3 •^5r = .3 . 
.XL) + (5 . 2) = 5 
49) + {3 ■ 17) = 3 

20) + "(5' •'^3) = 5 

r) = 3 



.10) +^3 



(4 + 5) 
(11 + 2) 
(9 +,17) 

(20 + 23) 
(ao + 7) 



The following parts ar.e true*, b, c, d . 
The following 'parts are false: 'a, e. 



6) 
13) 



Exercises 2-5 ..' - 

1. The operations in the following parts have inverses: 



.a, b; c ^ d, "e, f , h', J , 1, 



2.: (a) 


^ Put down tiie pencil'. 






t 


(b) 


.Take off your hat. 








(c) 


. Get out of a car. 








(d) 


, Withdraw your hand. 








. (e) 


Divide > 


• \ 






(f) 


*Tear down. , ^ .» 








(h) 


Step backward. 








' (J) 


. Subtraction. 








(11 


'/Acfditibn., ' > 








" (oj 


Putting on a tire . 
> ^ ^ ' / 








3. (a.; 
■ (b) 


^^^6^^7l U) 
$507.10 ^ ^ (g) 


$1342.67 

876 . . ; 


(k) 
(1) 


33 , 

1476 


(c; 


^ 506 ft. . ^ ^(h) 




' (m) 


68 


(dl 


$1^12.78 ' (i) 


798 


(n)' 


143 • i 




( ,$iipa.o4' , - ^ (j)^ 


.697 ■, 


(P). 




• 




• r 




4 



ERIC 



71 



(b 
' (c 

(e 

(g 

•(h 

•(1 



(m 
(c 



5 • 
5 

1 
« 

7 

None" 

0 

8 

3 
3 



-An) 
io\ 
' (P)' 

■ (q) 
,r (r) 
\ "(s) 

(t) 
(«) 
(v)" 

■ •' M 



5 

6- 
(7 
0 
0 

4, 

1 - 
1 



Any whole ni^ber |z) , 1 



19 

1992 
89 



(s> ^ 165821 
*(f) .13 
(g),6 





(d) 19,219 




_(h) 20' 






Exercises 


2-6, ' ' 








/I, 


(a) . if : 


• (O 2, • 








.(b)' 21 




(g) ,^one 






(i) w . 




.(h). 88 








(d) _ ■? 

( e ) ' None . ^ - 




(i) (5), Is answer. The answer 
i>ould 'be* writ^^n as either 
a - (b 4- i^) or Ta - b^) - 1 




• 




^ . or {< 




1) b. ' ' 




(a) 10 




^(e)' 18 




J g 


V • 


(b) ^ 11 

(c) 2t- \ . 

(d) 30 




(f> 22 
(g) 16 
.(h) 9-.. 






3. 


(a), (b), (g)^ 


(g). 


(1), (J).'" 








(a) ^es, ^ (b) • 


Yes 


. (c) Yes, 












a 




.5. 
• - 


c tr a d 

j4 




S a 


b 


— 2 ^ ^ ^ 



-Either of the'two s^itua,tions "Is possible, 
Indicate that b Is betweeft " c and d 
whether c < d or d <'c. 



The diagrams 
regardless of 



1/ The symbols in- the following parts represent the" 

rlumber 1; . - ' ^ " ^ 

(a),'(bH Co), rd),'(e),,(l). 'Ck): (1), (9), (p). 

* 2. -(a) lOQ • 1 = 100 . , . (d), i."- | ••!•=? |. ,^ * , 

• (b) Ip . i; .^1 . 1 i 10 (e)' O-^. 1 = 0, 

V (c) = 14 . • • , (f)''-l -.0 = 0 ' ■ 

3. We can get any counting number by the' repeat^d^addition^ 
y^S^'^ to another counting numoei^ if the numoer' we wieh^ 
. to^get is larger 'than the counting numoer to which we 
^ ' add, ^ ' • 



' We' can get any counting niKnber by 'the Jrepedt&d'^sub- 
y tractibn^ of « 1 :^om another countings pumb^r i^ the \ 
number we wish to get, is'smalTer than th^ counting 
' ^ ^ numbed from whicn we^ su^trac4;. • * , - ' 

* '4. • Yes. 1. - 1 = 0; 3 - 1.- 1 1 =-0^ Zero is not* a 
coiintlng' numbed?. 

*~ * < ' , ^ 

\ 5. The suGc.e'ssive addition oJC I'S'to-.ahy counting number 
will give ^ coHo/^ing number,. -But, tire successive^ 
• subtraction of I's ^rom afaf^ countir^g numoer \^ill become 
^ 0 if tarried far enough. ^ - 

^-6^ -|a^-' 87$^2^^ (c) 897638 , (e) v3479 (g) 1 

s • (b-) 976538 (d) 896758 ' ^fT v y-T^^^.. i 



Exercises 2-^. 



1. The 'a^bols in-1>he 'following parts |pepresent ^^i*o: 

' (b), (d), (f), (hh CD.Mj'), (k), 



\o),'<q)> is).nf 



sV^epresent ^ei*o: 

, (^'), (J), 



\ 



7a 
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2. .(a) . 18424 • • (1) .897 ^ , • 

(b) 641388, -(my-, $397.16 . , 

* • , ■ ' * ^ - ' " • ' " , • i ' 

(c) ' 144, remainder 56 (n) Division by zero not 'possible^ 

- {A) 152, remainder 6o (o)--l ^ ' ' • T--.. , 

(e) $36538.26 , , (p) $1&46 , 

(f) $6b^7:8i . (q) 0 " ^ , - ■ ■ 

• * (g) 0 ■ • . ' ' (r) 0 / ' , 

,(h) -$846.25 \ \ (s) 0 , ' . ' 

, " (ly $70.65 , , (t) q , 

,(J) 679 * .(u)" 976 , * , . . ■, . 

(k) S79 . : (v)' $97.46 ' . . _ 

3. The erf or Is In the generalization to ;^ In pai>t '(l). 
If a b '= C», ' a or does not need 'to ^ t]- 
Example: 2 • 2 = ^/ 1*1113 exercise shpws tiie error- 

•that may be made by making a.generalizatlon 
, on a few ^ases. 
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